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1 Introduction

Many naturally occurring phenomena can be effectively modeled using self-similar processes. For
such processes observations that are far apart (in time or space) are correlated too strongly indicating the
presence of along-range dependence. As aresult self-similar processes have been used to successfully
model data exhibiting long-range dependence and arising in a variety of different scientific fields,
including hydrology, see.g. [6], geophysics [12], biology [8], telecommunication networks [28] and
economics([24]. The empirical presence of long-memory in such series is found in a local version of
the power spectrum which behaves,|a3—2" , asx — 0, whereH €]1/2, 1[ is the long-memory
parameter. Among the simplest models that display long-range dependence, one can consider the
fractional Brownian motion (fBm), introduced by Kolmogorov in a theoretical context [19], and by
Mandelbrot and his co-workers [21] for its statistical applications. The fractional Brownian motion

(in short fBm), denoted byB, (t),t > 0}, with parametergH, C) € (]0, 1[xR?), is the process
defined as the fractional integration of a Gaussian pure white noise, or equivalently by the stochastic

integral:
But) = C V2 / f()dB(S) (1)
R
; _ 1 H-1 _ |elH=1/2
with  fi(s) = FH 112 {|t — "2 1) — Is| J-I]—oo,O](S)} ,

with B;(0) = 0 andV, = I'(2H + 1)sin(wH). Due to the non stationarity of the fBm and the
presence of long-memory, simulation and identification of a fBm is a delicate task. A vast literature
has been published on these subjects. A good survey can be found in[Beran [6] where historical and
statistical aspects are considered. We refer to Adlesand] or Taqqu andal. [27] for an empirical

study on estimation methods.

Through a bibliographical study, we intend to draw up a non exhaustive list of methods for sim-
ulating a fBm, and for estimating the self-similarity paramdter Firstly in Section 2, we recall
fundamental properties of fBm: covariance and autocovariance functions, spectral density, Hausdorff
dimension. We then describe five simulation methods in Section 3: the method of Mandelbabt and
[21], that of Sellan andl. [2], the Choleski method, the Levinson onel[24] and finaly the method of
Wood and Charl [29]. Section 4 discusses several methods for estimating the self-similarity param-
eter: spectral methods, maximum likelihood, time-scale methods and temporal methods. Section 5
presents a few simulation results with Boxplots, thus illustrating numerically the notions of Sections 3
and 4. Section 6 explores the quality of pseudo-random generators of fBm. A similar study has been
undertaken by Jennane aald [17]: three testing procedures defined independently of the model’s
identification were considered there. Our approach is slightly different: we provide a theoretical test
based on the asymptotic behavior of a parametric estimatdrwhich allows us to point out a good
simulation method of the fBm. Finally we display in the Appendix the S-plus scripts implementing
the methods considered in Sections 3 and 4.



2 Properties of fractional Brownian motion

As an alternative way t¢ [1), the fBm can be defined as the unique mean-zero Gaussian process, null
at the origin, with stationary and self-similar increments, such that

E(Buc(t) — Buc(s))* = C*jt —s* | Vs teR". )

Hereafter, we shall call standard fractional Brownian motion, the fBm with scale pardingtdr.
Let us briefly review some fundamental results about the fBm. From the self-similarity property, we
deduce the covariance and the autocovariance functions, given by

2
F(t.s) = Cov(By().By(s)) = % (L2 + s — o —s) )
yt—s) = Cov( Bu(t+1) —By(t), Bi(s+1) — By(9))
2
= C7(|t—s—1|2H — 2t—s™ + |t—s+ 1) &)

In the particular casél = 1/2, the fBm is identical to the Brownian motion; consequemik) =
0, for |k| > 1. WhenH # 1/2, an asymptotic expansion, 8§ — +oo exhibits an hyperbolic
decrease of () :

y(K) ~ CZH@2H —1) k"2, as|k| > 400 . (5)

This asymptotic behavior clearly shows that a path deviating from its mean, will have tendency to
deviate more whei > 1/2, or to return closer to the mean when< 1/2.

The increments process of the fBm is called the fractional Gaussian noise (in short fGn). The fGn
constitutes a stationary time-series, and admits a spectral density, defined as the Fourier transform of
y (), explicitly given by

f() = 2c.A—cosh) Y | 2rj+x) [, Vaelo 2r], (6)
jeZ
with ¢, = ‘23—; sin(z H)I"(2H + 1). A Taylor expansion off near 0 shows that the spectral signature
of the fGn is|A|*~2", indicating a pole at zero fod > 1/2, a characteristic fact of long-memory
processes.

Concerning the paths’ regularity, the fBm similarly to the Brownian motion, has continuous and
almost surely non differentiable sample paths. The fractal approach refines the difference. Indeed, the
Hausdorff dimension of a fBm with parametdre]0, 1[ is almost surely equal to2H, which implies
that forH < 1/2, the paths are more irregular than those of the Brownian motion and conversely for
H > 1/2. Figure Fig. illustrates this remark.

Finally, let us mention a property of continuity id, in the sense of Kolmogorov, for the fBm
proved by Peltier and Lévy-Véhel [22]:

VY [a,b] C]0,1[andK >0, lim sup sup |Byc(t)—Byc(t) = 0. @)
h=0 sy h/<b teloK]
|[H—H’|<h
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Figure 1: Samples of a fractional Brownian motion on [0,1], simulated by Wood-Chan’s method for
valuesH = 0.3, 0.5, 0.8 from top to bottom.

3 Simulating the fractional Brownian motion

3.1 Statement of the problem

In this Section, our aim is to describe few methods for simulating a fBm. We adopt the following
framework: simulation of a sample of a standard fractional Brownian mo@Go# (1), of lengthN at
timesi/N, i =0,...,N — 1.

Two approaches are distinguished: the first one consists in using only the properties of the fBm.
It gives rise to three methods: the first one is based on a stochastic representation of the! fBm [21],
the second one consists in extracting the square root of the covariance matrix of the fBm, and the last
one consists in the fractional integration of a Gaussian white noise, decomposed on a multiresolution
analysis and relies upon a method of Sellan alni].

The second approach is in fact an indirect way. The idea is to generate Xf@ntimesi /N,
fori = 0,...,N — 1 and then to define a sample of a fBm via the cumulated suni§ dfat is
to say to defineB,(i/N) = Y \_, X(i/N) fori = 1,...,N — 1 andB,(0) = 0. The interest
to use the increments process rests in its stationarity. The covariance matrix of the fGn at times
i/N, i=0,...,N—1isa Toeplitz matrix. The two methods presented (method of Levinson [24],
method of Wood-Chanm [29]) consist in computing in an exact way the square root of a Toeplitz matrix.

3.2 Stochastic representation of fBm

By considering the fBm’s representation of Mandelbrot and Van Ness [21], the first natural idea to
simulate a fBm consists in discretizing the stochastic integfal (1). We have to approximate the integral
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(1) by a Riemann sum truncated to a boural, - —oco. Fort =1,..., N — 1, one gets

v2 1

T(H =~ 1/2) NH
F(H+1/2) NP = k=0

0 t
{ D0 =102 — (k"2 Byk) + Y (1 — kM TY2By(k) ¢
whereB; (resp. B,) is avector o, +1 (resp.N) zero-mean standard Gaussian variables independent,
and independent dB,. The choice ofa, results from a compromise between the desired precision
and the number of temporal points. In practice, and for the illustration that follows, we have chosen
ay = N°. This approach is purely historic, and owing to several approximations is not a good way

to generate a fBm.

3.3 Method of Sellan, Meyer and Abry

This method has been established by Sellan, Meyer and Abry [2]. Since the fBmis derived by fractional
integration of a Gaussian pure white noise, the idea is to start from the decomposition of a pure white
noise onto a multiresolution analysis (in short MRA), se@. Daubechies[[9] for generalities on
wavelets and MRA:
w®) = Y AK) got —K) + YY"y (k) Pk (8)
keZ >0 keZ
whereA (k) andy; (k) are standard independent Gaussian variabjgss the scaling function and
{1//,-,1(}].20"(EZ the wavelets associated to the MRA. Applying the operator of fractional integration,
denoted byD S (with s = H + 1/2), to (8) leads to
Bu() = Y A(K) (D ¢o)(t —k) + > > yj(k) (D™ (1) . (9)
KeZ j>0 keZ
The following result, due to Sellah [26], describes explicitly how to integrate fractionally a MRA,
and the necessity to introduce biorthogonal wavelets.

Theorem1 LetVy(¢o) be an orthogonal MRA df?(R) with regularityr € N*, ¢g and o repre-
senting respectively the scale function and the mother wavelet deduced from this analysis. Assume
thats €13, 3[, then

VP = {fel?R),D5feVy}, and V™ = {fel2R),D5feVy},
define two biorthogonal MRAs, admitting for scale functions
¢o = Us(¢o) for Vog¥(¢o), and ¢5° = U _s(¢o) for Vg (go),
whereg = Us( f) has for Fourier transforngi 2 v) ~S(1—exp(i 27 v))? f\(v), and for mother wavelets:

O — £DS(yo), and Y = 45D (Yo .



D-s denotes the conjugate operator®fs, andE, for a setE, is the adherence dt. Under the
conditions of Theorerﬁ] 1, Sellan proves that there exists a Gaussian white noise with vafiance
allowing to construct amARIM A(Q, s, 0), denoted byb,, and forj € Z*, a Gaussian discrete
white noise, with variancelz 2, denoted by(y; (K))kez such that the restriction d,, to the interval
10, T1, T > 0 admits the following decomposition
Vtelo, Tl Bu®)—ho = Y by ¢g’t =k + Y Y 427y ¢ ut) . (10)
keZ >0 keZ

The computing implementation is then realized in three steps:

1. Estimation of the filters related #” andy,\”: letu(k) be the filter of the initial MRA related to
¢o, andv(K) the associated quadrature mirror filter. The above cited authors show, by denoting
u® andv® (resp.u-® andv~), the filters associated t#}” andy,\ (resp.¢{ > andy{ ™),

the following relations:

u® = fOxu, FO@ = 251+z1s.
v® = g9, G¥>2 = 220-z1YH.
u=® = 9%y, F&9%2) = 251+12°s.
v = g x, G2z = 2°1-2°.

wherex denotes the convolution product and wher€® (resp.G“®) denotes the z-transform

of ¢ (resp.g*“®), € = £1. However, a numerical problem appears: e H + 1/2, the
functionsf © andg'® have, in general, an infinite support and the sefi€ls (10) diverges. To avoid
this problem, the following approximations are proposed:

u® = ux fOxtf@ uc=s = —§ 1% @)V,
v = yxg®xtg® VS = 8y (O
whered = s— 1 and wheref @ andtg® are versions of @ andg® truncated up to an order

chosen a priori.

2. Simulation oby: the proces®AR I M A(Q, s, 0) results from the convolution of a Gaussian white
noise and a filter with impulsive response defined by:

k
©® _ D —S . —S\ _ r'—s+1)
@ =2 (D (p) W'th<p)‘r(p+1>r<—s—k+1>

p=0

Since the same numerical difficulty noted previously appears, the following approximation is
proposed: by = yj * a® xta@, whereta@ is a version ox® truncated up to an order
chosen a priori.

3. One then truncates the series| (10) at some resoldtiorget,

J
Bi) = Y b0 ¢®, ) + > >y 427y Q). (11)

keZ j=0 keZ



One can now use the pyramidal algorithm of Mallat adapted to biorthogonal wavelets, see Daubechies
[9]: decomposition with the help of filters—> andv~®, and synthesis with the help of® andv®.
The diagram in Fi§J2 illustrates these operations. To remain coherent, getting a sample oNlength
through a resolutiod needs to generate a fBm on a duratior= 2~ N; the self-similarity property
is used to get a sample at timesN, fori =0, ..., N — 1. In practice, we have, as Abry and Sellan
recommend, chosen a resolution of 6 or 7, and used the filters of a Daubechies wavelet of order 20,
for its regularity properties.

Caption
> [1 2] : dilatation operator defined by [2]Xc=Xo.
> by : ARIMAQ, s, 0) simulated.

> 0o, ..., J,_1: Simulated standard Gaussian variables.
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Figure 2: Diagram for the simulation of a fBm by wavelet synthesis.
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3.4 Method of Choleski

Let I' be the covariance matrix of a standard fBm, discretized at tips fori = 0,..., N — 1.
From (3), o
i .
(F)i’j =F<N,N), for |,J=O,...,N—1.
DefineI as the matriX" deprived of its first row and its first column. SinEéis a symmetric definite
positive matrix, it admits a Choleski decompositibh= LL!, whereL is a lower triangular matrix.



Thus simulating a sample of a fBm at timedN fori = 1,..., N — 1 is equivalent to generate a
vectorZ of (N — 1) standard independent Gaussian variables and apply the piodudhdeed,L Z

is a centered Gaussian vector @@L Z)(LZ)") = I'. DefineB = (0, (L2)")", B is a sample of
afBmattimes /N fori =0,..., N — 1. This method is the only one exact in theory, but due to a
computational complexity of orde? (N®) and to the fact thal” is extremely ill conditioned, it is of
interest to derive methods that are less computational demanding.

3.5 Method of Levinson

Let G be the autocovariance matrix of a standard fBm, discretized at tifhesfori =0, ..., N —1.
From (4),
G)j = y(j—i), fori,j=0,...,N—1

To avoid the computation of the Choleski decompaositio®@ivhich would lead to a method identical
to the one presented in Section]3.4), it suffices to remark@hista Toeplitz matrix. The Toeplitz
nature means that the first row Gfsuffices to reconstrucs, which leads to advanced algorithms to
extract the square root &. The following one can be found in [24].

At step 1 define:

— ki = —y(g), of =1,
— L= (Ly () y(H) and T = (0 ¥ (). - v (5D
Then define vectord | = ajz <O, ..., 0 1, E%, £L71+1 )t and
O = o2(0...,0048 .. JZJN_J.H)t.
Atstepj + 1, one has:
— k= o ohy = ofA— K,

Li+t Iy ki1 Z L 10
SN _ = ], whereZ =
Li+t Kjt1 In z L!

Let us denote by the matrixD = diag(oy, ..., oy) and letL = (L%, ..., LN) D=1 One can
check thatL L' = G. Denoting byZ a vector ofN standard independent Gaussian variables, the
vector(L Z) defines a sample of a fGn at time&N, fori = 0, ..., N — 1. The cumulated sums of
this sample define a sample of a BB, at the desired times (setting moreo\&y(0) = 0). This
method generates exactly a fGn with a computation gdt? log(N)) but still remains particularly
slow within S-plus, as soon a¢ > 1000.

1 0



3.6 Method of Wood-Chan

Initially proposed by Davis and Harte [10], this method, available for any stationary Gaussian pro-
cess, has been recently improved by Wood and Chan [29]. In order to extract the square root of the
autocovariance matri, the idea is to embe@ in a circulant matri>xC, of sizem = 29, g € N*, and

then to generate a vect¥r= (Yo, ..., Yn_1)! ~ N (0, C), and thanks to an appropriate construction

of C, to generat&Yy, ..., Yy_1)! ~ N (0, G). LetC be the matrix defined by:

C € Cm-1
Cm-1 Co ... Cm- I if 0<j<m
C= ‘ ' . " ? where  ¢j = yan? _ - I=2
: Lo : y(OF) if F<j<m-1.
i C Co

By constructionC is symmetric and circulant. One choosashe first power of two, for questions

of algorithmic rapidity,m > 2(N — 1) such thatC is definite positive. The authors suggest an
approximation when this condition can not be fulfilled. For a fBm, this condition is satisfied for the
valuem = 2 % 2", where 2 is the first power of two superior th. Then, in order to diagonalizg,

one uses a result of Brockwell and Dav{s:can be decomposed @s= QA Q* , where A isthe
diagonal matrix of eigenvectors @f, andQ is the unitary matrix defined by

jk
(Q)jx = m 2 exp(—ZW%) , for j,k=0,....,m—1.

BecauseQ is unitary, if Y = QAY2Q*Z with Z ~» N (0, I,y), one hasy ~ N (0, C). Thus the
simulation procedure of a fBm’s sample at timgsl, fori =0, ..., N — 1reduces itself to the three
following steps:

1. Estimation of the eigenvalues Gf a matrix calculus shows that

m-1 jk m-—1 jk
A = cexp|l —2ir— | = ciexpl2ir— ), fork=0,....m—1.
o= aren(-an) = 3o ew(ar )

This estimation may be done using the Fast Fourier Transform (direct or inverse).

2. Fast simulation ofQ*Z: by decomposingQ*Z into real and imaginary parts, simulating of
W = Q*Z amounts to the two following substeps:

—> generatdJ, V two independent normal variableg/ (0, 1), and writeW, = U and

W% =V.
— forl<j < % generatéJ;, V; two independent normal variables;(0, 1) and write
W, = 1 U +1Vj)
i = Nz j i)
1
Whei = —U; —iV).
m—j Nz j j



3. Reconstruction oK: the last step consists in calculating

k jk
X(N> waj exp( 2|n—>, for k=0,....m—1.

using again the FFT. We get a sample of a fBm, den&edby evaluating cumulated sums of
the vector{ X (0), X (&), ..., X(X1)} and setting moreoveB,, (0) = 0

The method of Wood and Chan is exact for simulating a fGn, has a complexityagf(N), and
in a practical point of view is fast even for large valued\bf

3.7 About the approximation of a fBm via the cumulated sums of a fGn

Let By, denote the vector defined by:

B.O) = O
i
Bui/N) = > Xk/N), i=1..N-1,
k=0
where X denotes a sample of a fGn generated at tiids,i = 0,...,N — 1. Recall that,

E(XG/N)X(j/N)) =y ((j —i)/N), i,j=0,...,N —1. So, itis easy to see that

j
E(Bu(/N)B(i/N) = D3 v (G =D/N), i.j=1....N-1

k=0 1=0

Thus, one can discuss the approximation of a sample of a fBm via the cumulated sums of a sample of
a fGn by estimating the relative error done on the second order structure, via the fubaefmed
on{0,..., N —1}% by

ifiorj=0

0
D ‘(F(I, D=0 ov( —|)>/F(|, j)’ otherwise

Figure Fid.B displays the functioR computed for different values dfl. It is clear that such an
approximation involves negligible mistakes on the covariance structure.
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Figure 3: Relative Error on the covariance structure of a fBm approximated via the cumulated sums
of a fGn, for different values ofi.
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4 |dentification of the fractional Brownian motion

4.1 Statement of the problem

The irregularity’s analysis of data modelled by a fBm, the study of its spectral behavior, and any fore-
casting problem based on fBm imply the necessity to estimate the Hurst parameter. In this Section, we
briefly describe the main parametric methods to estimate the self-similarity parameter. We distinguish
four approaches:

1. Spectral methods: log-periodogram, a variant of Lobato and Robinson’s method.
2. Maximum likelihood: Whittle’s estimator.
3. Time-scale methods: wavelet decomposition of the fBm.

4. Temporal methods: number of level crossings, discrete variations.

This list is not exhaustive (thR/S method or correlogram’s approach has not been considered
here, see.g. Beran [6]) but presents the different ways of tackling the identification that have been
discussed in the literature recently. Later on, we address the same problem when observing a sample
(By.c) of a non-standard fBm of lengtN at timesi/N fori = 0,..., N — 1; (X) will denote the
sample of the increments 0B, ). Unless otherwise stated, the scale coefficieig supposed to be
unknown.

4.2 Spectral methods
4.2.1 Log-periodogram

This approach consists in exploiting, on the one hand, the spectral signature of thé #Gm;-
ct|A|12", as|Ar| — 0, and on the other hand the fact that the periodogram defined by

N-1

Z X (t) g ith

t=0

2 2k
5 for)\.:)\,k,N:T,

ly(A) = !
M orN

is an asymptotical unbiased estimator of the spectral density. One immediately notices that
log E(In(2)) = logcs + (1 —2H)log(|A]) ,

pointing out the linearity irH of logE(ly(1)) in a neighborhood of 0. Let £ m; < mp < N*=

[N — 1/2]. Definea,, the estimator deduced from the linear regressiohlog(IN(Ak))} on

my<k<mp

{ Iog()\k)}mlikimz, one gets an estimator of the self-similarity parameter by the equation

~ 1 R
Hy(mg, mp) = 5(1— ay) .

12



From a theoretical point of view, ih; andm, satisfy /My log(my)/m1 + mqlog?(N)/m, — 0,
Geweke and Porter-Hudak [13] prove the asymptotic normality’-i\f,o(rml, my):

N ’ 2
|Og(N) ( HN(ml, mg) —H ) — N <O, E) . (12)

4.2.2 Variant of Lobato and Robinson

By denotingF (A) = f(f f (6)do, Lobato and Robinsomn [20] remark that there exists, in a neighbor-
hood of 0, a log-linear relation between two values—ah). Letq €]0, 1[, one gets immediately,

T ~ q*?", as|i| — 0. By estimatingF (A) by

o [NAk,N/27]

f(k@:w Z I (), for k=my,...,m,,
=)

one deduces an estimatorldf

Hy(@, mp, my) = 1 — V) } .

0g{ —=
For 1/2 < H < 3/4, Lobato and Robinson exhibit the optimal valuego¥ia simulations. Let us
mention that if one chooses, andm, as previously, one may obtain an asymptotic normality result

similar to [12).

4.3 Maximum likelihood: Whittle’s estimator

Applied to our framework, the method consists in maximizing the log-likelihood of the fGn with

g,

parametet = ( EZ H ), whereo? is the innovation variance, given by:
N 1 1
La(X, 0) = -5 log(2r) — > log |det(G)| — ExtG—lx ,

whereG = G(6) is the covariance matrix of the fGn sample. The computational implementation
points out two numerical problems: firstly the estimationssof: and log|det(G)| are particularly
slow and expensive, and secondyis extremely ill-conditioned. To get around these problems an
approximation of the likelihood has been proposed,esgeBeran [6], giving rise to a new estimator
called Whittle’s estimator and explicitly given by:

N Iyhi )
H, = argmin NN ,
S AN ) @ D)

where f (., (1, H)) denotes the spectral density with parametdtsH) of the fGn, andl (1) the

empirical periodogram. It is well-known, seeg. Beran [6], thatH,, tends almost surely tél, and
verifies the following asymptotic normality result:

«/N(ﬁN—H)—d>N(o,%>, with D= - {

27 J_, |oH

Despite these performances, the Whittle’s estimator suffers from being slowly executable, biased for

9 2
—Iogf(x,@)} ax.

finite samples, and very sensitive to perturbation with an additive white noise.
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4.4 Time-scale method: wavelet decomposition.

Let {yjx(t) = 271299277t = K), j = 1,..., J,k € Z} be the family of wavelet basis functions,
generated from the mother waveles, itself defined via a multiresolution analysislof, see[[9]. We
denote< By ¢, ¥ x > the coefficients of the discrete wavelet transform. Two reasons can explain the
use of wavelet decomposition for the fBm identification:

1. Self-similarity of the wavelet coefficients: the self-similarity of the fBm ensures that the variance
of the wavelet coefficients can be written

1. c? :
E( < Buc, Vi >* ) = 520 oo A;|U—vF“wan¢<wdudv==KH2@H+D,

where< -, - > denotes the inner product bf(R).

2. The wavelet transform decorrelates the sample of the fBm. Indelelddénotes the number of
vanishing moments of the mother wavelet, Flandrin ahfd], for example, show that

E( < BH,C, Wj,k > < BH,Ca Wj’,k’ > ) — (9( |2]k_2j’k/|2(H_M) ) .

Similarly to spectral methods, one notices the linearityinf log, E(< By, ¥j« >2),
log, E( < Buc, ¥jk>* ) = J@H+1) + logy(K) .

One estimateB(< By c, ¥« >2) by the empirical moment of order 2,

2i—1

njp = 27 Z < Buc, ¥jk >2.
k=0

Then, an estimator ofl is deduced from a linear regression{d‘bgz(uj)}jl<j<j2 on {j}i<j<in
where[ 1, j2] represents the used resolutions. Abry ah{B] have recently improved this method.
Let¢ be the noise vector defined by

& = logy(nj) —(2H +1)j —log,(Ky) ,  forj =ji, ..., J2

the above cited authors show that

vy 2
log 2 - (-1 and Vaj) = —(I092)2

’

EC&) =

whereV is the Digamma function defined Hy(t) = % and¢ (2, t) isthe generalized Riemann Zeta

function. A new estimator dfl is then deduced from a linear regressi0|{1 ffg, (14 j) — IE(S,-)}
on {j}j;<j<j,» weighted by{Var(;)}, _,_ .

In practice, the S-plus libratWavethresh()  has been used to estimate the wavelet coefficients
of the fBm.

n<i<j2
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4.5 Temporal methods
4.5.1 Statistic related to level O crossings of fGn

The smooth characteristic of the fGn covariance function ensures the convergence of the local time
(see Azais |b]). Feuerverger aal[11] are based on this remark to estimate the Holder exponent of a
non differentiable Gaussian process, by counting the number of crossings of a given level. We present
here a simplified version of this estimator. Let us define the mean number of 0 crossings of the fGn’s
sample(X) by the statistic

N-2

S o= Z U(XGE/N)XG +1/N) <0),

i=0
wherell(.) denotes the indicator function. The ergodicity of the increments and an integral calculus

show that: S, i 0/x ,

arctar((1 —r?)¥?/r if r>0
where 6 = A V) - and r=22H"1_1,
/2 + arctar(—r /(1 — r?)Y?) otherwise,

Assuming that one knows= sgn(H — %), one deduces immediately the following estimator

A, = %{1+Iogz(1+6|005(7fsw)|)}-

Let us mention that for 0< H < 3/4, Hy is asymptotically Gaussian with a rate of convergence
1/+/N, see Ho and Sun [15].
45.2 Discrete variations of the fBm

This method is relatively recent: the first results are due to Istas and Lang [16], on the one hand, and
Kent andal [18], on the other hand. It relies on a specific filtering of the sample of a fBm that is
designed to destroy long-range dependence of observations. In [7], we have generalized these results:
the convergence of tHeth absolute moment of discrete variations, defined by

1 N - )
Sik.a) = m; | VaGi/N) |, for k>0

is studied. The parametadenotes a filter of lengthi+ 1 and of ordeip > 1, verifying Zé:o aqq =
0,forr=0,...,p— 1, and(V?) denotes the vector derived from filtering the vediBy, c) with
the vecton,

afl : i —q .
\Y; <N) = qzz(:,aq BH,C<T), Vie{t,..,N=1.

We provide two classes of estimatorstdf the first one, assuming that the scale coefficient is known,
is convergent at a rate/4/N log(N), for 0 < H < 1; the second one, without any assumptiorCon
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is convergent at a rate//N.

Scale parameter known:

Without loss of generality, one can assume that 1. The definition of our estimators proceeds
from ergodicity and self-similarity of fBm increments. Lef be the covariance function @¥/2).
>From properties o, one has

. . . 4
. i I+ ] 1 1 .
72(j) = IE( va(ﬁ)va(T)) = =3~ 2 @ i +q - (13)
q,r=0
Moreover by denoting a.n(t) = nta(0)5 Ey, where E, = E(]Y %) andY ~» W (0, 1), one shows
that E(Si(k,a)) = 0gkan(H) which allows us to define a first class of estimators based on a
non-linear regression
Ak, @) = gz (Suk.a)).

We prove ([7]) that if one choosgs > H + 1/4, this class is well-defined, converges almost surely
to H, and verifies a central limit theorem for® H < 1, with a rate of convergenceg N log(N).
If p=1 (resp.p > 2) the results are available for® H < 3/4 (resp. forO< H < 1). Itis also
proved in [7] that the asymptotic constant of the estimators’ variance is minimél fo2. In that
case, one obtains the simple asymptotic result

«/Nlog(N)( A2 a) — H) 4 w0l Y pa)? where pa(i) = 1O

o 2 ieZ " ’ " 730

This asymptotic behavior will be further used to explore the quality of different simulation methods
(see Sectiop]6).

Scale parameter unknown:

Through spectral methods or wavelet methods, we have noticed that the use of a log-linear regres-
sion allowed us to exhibit estimators that are independe@t afle may apply a similar reasoning in
this framework. Let us define the sequence of fill@®);-m<m by

m a; ifi=jm _
a' = o, fori=0,....mé+1.
0 otherwise

One immediately sees that

E(Si(k,a™) = m" E(Si(k, a)) .

By estimatingE(S,(k, a™)) by S,(k, a™), an estimator oH can be deduced from a simple linear
regression of log S, (k, a™} on {klog(m)}

estimators denoted bﬂﬁ's(k, a, M) for which we have proved(([7]) the almost sure convergence and

L<m<M" This procedure allows us to get a class of

1<m<M

the asymptotic normality (with a rate of convergence J&/N) if p > H 4 1/4. Let us mention that

16



we have also considered a linear regression weighted by the diagonal weight matrix, Mfsize
Gy defined fom=1,..., M by

j-1

O i am N2 . 1
Gom = D2 (@2 @IY PP withely = o [T k- 200

j=1 ieZ q=0

The consistency, the asymptotic normality, and the optimalitkfer2 hold again.

5 Examples of simulations

We intend to illustrate the implemented methods through simulations. For a samph sizE000,

we generate 50 paths of standard fractional Brownian motion with parakiete.9, discretized uni-

formly on[O, 1[, via methods of Mandelbrot, Sellan aal] Choleski, Levinson and Wood-Chan. The
S-plus functions related to these methods are respectivehfF=BM() , waveFBM() , cholFBM() ,
levFBM() , circFBM() , see Sectiof]7. For each path, we compute the estimatdts via the
methods explained in Sectiph 4, and for which scripts are presented hereafter. Some Boxglpts, Fig.4,
Fig[§ and Fig.p, illustrate the results. A high value of the Hurst parameter was used to exhibit several
weak points for the various simulation and estimation methods, discussed in previous Sections.

6 Quality of generators

In this section, our aim is to explore the quality of different simulation methods. Such a study has
been already undertaken by Jennanearnd?]. They consider various simulators of the fBm, and

give explicitly three procedures for testing the normality, the stationarity and the self-similarity of
fGn. The two first procedures do not allow an exploration of the quality of generators: indeed Tables
3 and 4 of [17] show that four simulators among the five considered pass their tests successfully. Due
to these omnibus tests, we have not envisaged to test the normality and the stationarity. And instead
of using the proposed procedure to check the increments self-similarity, we orientate ourself towards
another approach based on the theoretical asymptotic behavigparbenetricestimation method.

Recall that ifﬁN (2, @) denotes the estimator obtained by discrete variatiorstasfdardfractional
Brownian motion (method explained p|16), we have the asymptotic resalttefhotes a filter of order

p> H +1/4 then

VNlog(N) (A2, — H) LN N(O,%Zpﬁ(i)z) .
ieZ
wherepf is given by [IB). Let us describe how we use this property to extract an efficient method
of simulation. For different values of the Hurst parameter, and for two filters (one is related to the
incrementsa = Incl = (1, —1), the other is related to a Daubechies wavelet of ordar4,Db4 =
(0.4829629 —0.83651630.22414390.1294095):
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1. Simulate 200 paths of a standard fractional Brownian motion for each simulation method.

2. Fori =1,...,200:

» Evaluate the estimator of the self-similarity parameter by discrete variations and denote it
by Hi(a).

« Build a confidence interval of leved = 0.05 related to the Gaussian distribution

| Z,H’ — H—a+;|‘| a#[,
(© D ] ! VN log(N) u V' Nlog(N)

whereu, = ®(«/2) ~ 1.96, ands? is the asymptotic constant depending ldrand
the filter used, and given by Tab.1.

Hurst parameter H=0.1 H=0.3 H=0.5 H=0.7 H=0.9
a=Incl 0.6820765 0.5625909 0.5 0.7854074 x
a= Db4 0.7790751 0.7396438 0.6388889 0.5922214 0.5661291

Table 1: Estimates of the asymptotic constaft= 3 ", _, p2(i)? for different values oH and for
filters Incl andDb4

3. Estimate the percentage test success by the statistic:

200
S(H,a) = 2—;0 ; A (Fia) e 1 (02 H, a)).

The results are presented in Tab.2. For- 3/4, the test has not been evaluated for the filterl
since the asymptotic behavior fét, (2, Incl) is available only for 0< H < 3/4. One can notice
that the methods of Mandelbrot aatland Levinson are not efficient for low and high values of the
Hurst parameter. Concerning the method of Choleski and the one developed by Wood and Chan, the
results are quite satisfactory since the level 95% is almost always reached. It appears also clearly that
the estimators deduced from samples simulated by the method of Sellah aredstrongly biased.
This study points out that the most stable simulation method are the Choleski’s method and the one
based on circulant matrix.

As a general conclusion, since Subsecfiof 3.7 illustrates the excellent approximation of a sample
of a fBm via the cumulated sums of a fGn, we advice to use the method of Wood and Chan [29], for
its rapidity (even for largeN) for simulating a fBm.
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Hurst parameter H=0.1 H=0.3 H=0.5 H=0.7 H=0.9
Inck 720% 89.0% 97.0% 83.0% x

mvnFBM()
Db4 920% 93.0% 96.0% 3.0% 0.0%
Incl 69% 25% 0 % 0% X
waveFBM()
Db4 87.0% 220% 200% 7.5% 0.0%
Incl 97.5% 945% 93.0% 91.0% x
cholFBM()
Db4 93.0% 965% 945% %97.5% 93.0%
IncL 505% 795% 97.0% 635% X
levFBM()
Db4 850% 935% 99.0% 89.0% 0.0%
Inck 94% 935% 925% 92.0% X
circFBM()

Db4 945% 965% 965% 97.5% 100%

Table 2: Results of percentage test success for various methods of simulation.

7 S-plus scripts

In this Section, we present the S-plus scripts implementing the simulation and identification methods
for the fBm, i.e. the methods described in Secfipn 3[gnd 4. The Tablg Tab.7 summarizes this study:
for each method its S-plus function is associated, with the arguments it needs, and eventually the
subroutines related to. We advice the user to fix precisely the arguments of each function: for
example, to generate a standard fBm of lenitiwith parametetH = 0.8, by the Wood-Chan'’s
method, one writesircFBM(n=1000, H=0.8) . By defaultplotfBm=1 , the resulting path

will be drawn. The functiorwaveST() estimatingH by a wavelet method has been written using

the functions from the S-plus librakyavethresh() , available on the web at the following address
http://www.stat.cmu.edu/S/ . This library allows only the decomposition of a signal of
length a power of 2. For a signal of any lendth one mirrors the data to the smallest power of two
larger thanN.
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Mandelbrot’s method

[l
H
= ‘ |
8 ; | | f =
d I 3 3 :
=
= : ;
; : —
; ; [l
Lo i i i i
~ | H H H i
= [E— L H |
i 1
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3 -—-- WhittST
=3 4 ---- waveSsST
S 5 ———- IcOST
6 ---- VaPkO1ST
7 --—- VaPkolsST
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Wavelet’s method
—
—
[
1 ---- persT
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[ ———
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Figure 4. Boxplots of estimators ¢ for 50 paths simulated respectively by Mandelbrot’s method
and by wavelet synthesis.
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Choleski’s method

1 --—- persT
v | 2 --- peragST
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Figure 5: Boxplots of estimators &f for 50 paths simulated respectively by Choleski's and Levinson’s
method.
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Wood-Chan’s method

=
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Figure 6: Boxplots of estimators &f for 50 paths simulated by Wood-Chan’s method.
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S-plus name

Object

mvnFBM(n= ,H= ,plotfBm= )

Mandelbrot's method

waveFBM(n= ,H= ,J= ,plotfBm= )
subroutine:convol(x,y)

wavelet synthesis:
fractional integration of a MRA

subroutine;piaH(a= ,H= ,i= )

Generatorsg
cholFBM(n= ,H= ,plotfBm= ) Choleski decomposition
of of the covariance matrix.
levFBM(n= ,H= ,plotfBm= ) Levinson’s algorithm for
fBm Toeplitz matrices
circFBM(n= ,H= ,plotfBm= ) method of circulant matrix
perST(fBm= ,ml= ym2= |lIplot= ) log-periodogram
peraggST(fBm= ,g= ,m1= ,m2=) variant of Lobato and Robinso
whittST(fBm=,Hprel= ) Whittle’s estimator
subroutine:spdFGN(Htry= ,n= )
waveST(fBm= ,j1= ,j2= lIplot= ) wavelet decomposition
Estimators IcOST(fBm= ,sign= ) level O crossings of fGn
VaPkstST(fBm= ,k= ,a= ,Hprel= ) k-th absolute empirical momen
of subroutine:piaH(a= ,H= ,i= ) of discrete variations
of standard fBm
H VaPkolST(fBm= ,k= ,a= ,M= |lIplot= ) k-th absolute empirical momer

of discrete variations of fBm:
ordinary least squares

VaPkgIST(fBm= k= ,a= ,M=|lIplot= )
subroutine:piaH(a= ,H= ,i= )
rhoadil(a,H,j,m1,m2)

k-th absolute empirical momer
of discrete variations of fBm:
generalized least squares

Table 3: Summary of synthesis and analysis methods implemented over the software S-plus for

fractional Brownian motion.
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A Generators of the fBm

A.1 Mandelbrot's method
mvnFBM <- function(n, H, plotfBm)

{
#it
## Input : n : length of the desired sample
#Ht H : self-similarity parameter
#Ht plottBm : =1 ----> plot a path of fBm
#it
## Output X simulation of a standard fractional Brownian motion
Hit at times { 0, 1/n,..., n-1/n }
#Ht by numerical approximation of stochastic integral
#it
## Example : mvnFBM(n=500,H=0.6)
#it
#it
## Coeurjolly 06/2000
#it
#it
## Reference : Mandelbrot and Van Ness, Fractional brownian motions,
H#Hit fractional noises and applications, SIAM Review, 10,
#it n.4, 1968.
#it
#it
#i
if(missing(n)) n <- 500
if(missing(H)) H <- 0.6
if(missing(plotfBm)) plotfBm <- 1 ##
#H -
## Initialization
e
dB1 <- rnorm(n)
borne <- trunc(n"1.5)
dB2 <- rnorm(borne)
fBm <- rep(0, n)
CH <- sgrt(gamma(2*H+1)*sin(pi*H))/gamma(H+1/2) ##
i
## Main program
e

indl <- (1:n)"(H - 1/2)

ind2 <- (1:(borne + n))"(H - 1/2)

for(i in (2:n)) {
11 <- dB1[(i - 1):1] * ind1[1l:(i - 1)]
2 <- (ind2[(i + 1):(i + borne)] - ind2[1:borne]) * dB2
fBm[i] <- sum(l1) + sum(l2)
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H#H

}

fBm <- fBm * n°( - H) * CH
fBm[l] <- 0 ##

## plot of fBm

H#H

}

if(plotBm == 1) {

}

par(mfrow = c(1, 1))

time <- (0:(n - 1))/n

Nchar <- as.character(n)

Nleg <- paste(c("N= ", Nchar), collapse = " ")

Hchar <- as.character(round(H, 3))

Hleg <- paste(c(", H=", Hchar), collapse = ™)

NHleg <- paste(c(Nleg, Hleg), collapse = ")

leg <- paste(c("Path of a fractional Brownian motion
----- parameters”, NHleg), collapse = " : ")

plot(time, fBm, type = "I", main = leg)

drop(fBm)

A.2 Wavelet synthesis: method of Sellan, Meyer and Abry

waveFBM <- function(n, H, J, plotfBm)

{
Hit

H#H
##
##
##
#H#
##
#H#
H#H#
#H#
#H
##
H#H
##
##
##
H#H#
##
#H#
H#H#
##
H#H

Input n : length of the desired sample
H : self-similarity parameter
J : resolution
plottBm : =1 ----> plot a path of fBm
Output simulation of a standard fractional Brownian motion
at times { 0, 1/n,..., n-1/n }
by wavelet synthesis
Example waveFBM(n=500, H=0.6, J=7)
See : convol = ------ > convolution of two vectors
Coeurjolly 06/2000
Reference Abry P. and Sellan F., The wavelet-based synthesis

for fractional Brownian motion, Applied and computational
harmonic analysis, 1996 + Matlab scripts from P. Abry
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#H#

H#H
#H#
H#H

##
##
##

H#H#
#
#
H#H#

H* H*

if(missing(n)) n <- 500

if(missing(H)) H <- 0.6

if(missing(J)) J <- 7
if(missing(plotfBm)) plottBm <- 1 ##

Daubechies filter of length 20

Db20 <- ¢(0.026670057901, 0.188176800078)

Db20 <- c¢(Db20, 0.52720118932, 0.688459039454)
Db20 <- c¢(Db20, 0.281172343661, -0.249846424327)
Db20 <- c(Db20, -0.195946274377, 0.127369340336)
Db20 <- c¢(Db20, 0.093057364604, -0.071394147166)
Db20 <- c¢(Db20, -0.029457536822, 0.033212674059)
Db20 <- c¢(Db20, 0.003606553567, -0.010733175483)
Db20 <- c¢(Db20, 0.001395351747, 0.001992405295)
Db20 <- c¢(Db20, -0.000685856695, -0.000116466855)
Db20 <- c¢(Db20, 9.358867e-05, -1.3264203e-05)
secu <- 2 * length(Db20)  ##

quadrature

mirror filters of Db20

Db20gmf <- (-1)7(0:19) * Db20
Db20gmf <- Db20gmf[20:1]
ngmf <- -18 ##

truncated fractional coefficients appearing in fractional integration
of the multiresolution analysis

prec <-

0.006

hmoy <- c¢(1, 1)

s <- H

+ 1/2

d<-H-1/2

if(H ==

}

1/2) {
ckbeta <- c(1, 0)
ckalpha <- c¢(1, 0)

else { ## truncature at order prec

ckalpha <- 1
ckbeta <- 1
ka <- 2
kb <- 2
while(abs(ckalphalka - 1]) > prec) {
g <- gamma(l + d)/gamma(ka)/gamma(d + 2 - ka)
ifis.na(g)) g <- O
ckalpha <- c(ckalpha, Q)
ka <- ka + 1
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while(abs(ckbetalkb - 1]) > prec) {
g <- gamma(kb - 1 + d)/gamma(kb)/gamma(d)
if(is.na(g)) g <- O
ckbeta <- c(ckbeta, Q)

kb <- kb + 1
}
} ##
#it
## number of starting points
#it
nbmax <- max(length(ckbeta), length(ckalpha))
nb0 <- n/(2°(J)) + 2 * secu ##
H#H -
## sequence fsl
H#H -
fsl <- convol(ckalpha, Db20)
fsl <- convol(fsl, hmoy)
fsl <- 2°( - s) * fsl
fsl <- fsl * sqrt(2) ##
e
## sequence gsl
e
gsl2 <- convol(ckbeta, Db20gmf)
gsl <- cumsum(gsl2)
gsl <- 2°(s) * gsi
gsl <- gsl * sqrt(2) ##
e
## initialization
e
nbl <- nb0 + nbmax
bb <- rnorm(nbl)
bl <- convol(bb, ckbeta)
bh <- cumsum(bl)
bh <- bh[c(nbmax:(nb0 + nbmax - 1))]
appro <- bh
tappro <- length(appro) ##
H#H -
## useful function
e
dilatation <- function(vect)
{ ## dilates one time vector vect
Idil <- 2 * length(vect) - 1
dil <- rep(0, Idil)
dil[seq(1, Idil, by = 2)] <- vect
drop(dil)
}
#it
HH -
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## synthesis algorithm

HH -
forG in 0:(Jd - 1)) {
appro <- dilatation(appro)
appro <- convol(appro, fsl)
appro <- appro[l:(2 * tappro)]
detail <- rnorm(tappro) * 2°(j/2) * 4°( - s) * 2°( - j * s)
detail <- dilatation(detail)
detail <- convol(detail, gsl)
detail <- detail[( - ngmf + 1):( - ngmf + 2 * tappro)]
appro <- appro + detalil
tappro <- length(appro)
}
debut <- (tappro - n)/2
fBm <- appro[c((debut + 1):(debut + n))]
fBm <- fBm - fBm[1]
fGn <- c(fBm[1], diff(fBm))
fGn <- fGn * 2°(J * H) * n°( - H) ## path on [0,1]
fBm <- cumsum(fGn)
fBm[l]<- O ##
i
## plot of fBm
i
if(plottBm == 1) {
par(mfrow = c(1, 1))
time <- (0:(n - 1))/n
Nchar <- as.character(n)
Nleg <- paste(c("N= ", Nchar), collapse = " ")
Hchar <- as.character(round(H, 3))
Hleg <- paste(c(", H=", Hchar), collapse = ")
NHleg <- paste(c(Nleg, Hleg), collapse = ™)
leg <- paste(c("Path of a fractional Brownian motion
----- parameters”,NHleg), collapse = " : ")
plot(time, fBm, type = "I', main = leg)
}
drop(fBm)
}
convol <- function(x, y)
{
#it
## Input . X,y : vectors
#it
## Output : convolution of vectors x and y
#it
i

## Coeurjolly 06/2000
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#H#

<- c(x, rep(0, (length(y) - 1))
<- c(y, rep(0, (length(x) - 1))
<- fft(a, inverse = F)
<- fft(b, inverse = F)

conv <- Re(fft(conv, inverse = T))
conv <- conv/length(conv)

#it
#it
if(missing(x) | missing(y)) break
else {
a
b
a
b
conv <- a * b
drop(conv)
}
}

A.3 Choleski's method

cholFBM <- function(n, H, plotfBm)

{
#it

## Input
##

##

#

## Output
##

##

##

##

n : length of the desired sample
H : self-similarity parameter
plottBm : =1 ----> plot a path of fBm

simulation of a standard fractional Brownian motion
at times { 0, 1/n,..., n-1/n }
by Choleski's decomposition of the covariance
matrix of the fBm

## Example : cholFBM(n=500,H=0.6)

#H#
##

## Coeurjolly 06/2000

H#H#
#H#
#H

if(missing(n)) n <- 500
if(missing(H)) H <- 0.6

if(missing(plotfBm)) plotfBm <- 1 #Ht

##

## Construction of covariance matrix of fBm

##
H2 <- 2 *H

matcov <- matrix(0, n -

for(i in (L:(n - 1)) {
j <-i(n - 1)

1, n-1)

r <- 0.5 * (abs(i)’H2 + abs(j)’H2 - abs(j - i)"H2)
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r <- r/n"H2
matcov[i, j] <-r
matcov(j, i] <- matcov][i, j]
}
L <- chol(matcov)
Z <- rnorm(n - 1)
fBm <- t(L) %*% Z
fBm <- c(0, fBm) ##
e
## plot of fBm
e
if(plottBm == 1) {
par(mfrow = c(1, 1))
time <- (0:(n - 1))/n
Nchar <- as.character(n)
Nleg <- paste(c("N= ", Nchar), collapse = " ")
Hchar <- as.character(round(H, 3))
Hleg <- paste(c(", H=", Hchar), collapse = ™)
NHleg <- paste(c(Nleg, Hleg), collapse = ")
leg <- paste(c("Path of a fractional Brownian motion
----- parameters",NHleg), collapse = " : ")
plot(time, fBm, type = "I", main = leg)
}
drop(fBm)

A.4 Levinson’'s method

levFBM <- function(n, H, plotfBm)
{
#it
## Input : n : length of the desired sample

## H : self-similarity parameter

#H# plottBm : =1 ---> plot a path of fBm
#it

## Output : simulation of a standard fractional Brownian motion
Hit at times { 0, 1/n,..., n-1/n }

## by Levinson’s method

#Hit

## Example : levFBM(n=500,H=0.6)

#it
#it
## Coeurjolly  06/2000

#it

## Reference . Peltier R.F., Processus stochastiques fractals avec
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## applications en finance, these de doctorat, p.42, 28.12.1997
Hi

#it
#i
if(missing(n)) n <- 500
if(missing(H)) H <- 0.7
if(missing(plotfBm)) plotfBm <- 1 ##
H#H -
## covariances of fGn
HH -mmmmmmeeeen
k <- 0:(n - 1)
H2 <- 2 *H
r <- (abs((k - 1)/)n)y’H2 - 2 * (k/n)’H2 + ((k + 1)/n)"'H2)/2 ##
#it
## Initialization of algorithm
#it
y <- rnorm(n)
fGn <- rep(0, n)
vl <-r
v2 <- ¢(0, r[c(2:n)], 0)
k <- - v2[2]
aa <- sqrt(r[1]) ##
HH -mmmmmm e
## Levinson's algorithm
HH oo
for(j in (2:n)) {
aa <- aa * sqrt(1 - k * k)
v <- k * v2[c(:n)] + vic(( - 1:(n - 1))
v2[c(:n)] <- v2[c(j:n)] + k * vi[c(( - 1):(n - 1))]
vic(in)] <- v
bb <- y[jJ/aa
fGn[c(j:n)] <- fGn[c(j:n)] + bb * vi[c(j:n)]
k <- - v2[j + 1)/(aa * aa)
}
fBm <- cumsum(fGn)
fBm[l] <- 0 ##
R
## plot of fBm
e

if(plottBm == 1) {
par(mfrow = c(1, 1))
time <- (0:(n - 1))/n
Nchar <- as.character(n)
Nleg <- paste(c("N= ", Nchar), collapse = " ")
Hchar <- as.character(round(H, 3))
Hleg <- paste(c(", H=", Hchar), collapse = ™)
NHleg <- paste(c(Nleg, Hleg), collapse = ")
leg <- paste(c("Path of a fractional Brownian motion
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n

----- parameters”,NHleg), collapse = " : ")
plot(time, fBm, type = "I", main = leQ)

}
drop(fBm)

A.5 Wood-Chan's method: circulant matrix

circFBM <- function(n, H, plotfBm)
{
#i
## Input : n : length of the desired sample

#H# H : self-similarity parameter

#Ht plottBm : =1 ---> plot a path of fBm

#it

## Output : simulation of a standard fractional Brownian motion
H#Hit at times { 0, 1/n,..., n-1/n }

#Ht by Wood-Chan's method

#it

## Example : circFBM(n=500,H=0.6)

#it
#i
## Coeurjolly 06/2000

#it

## Reference : Wood A. and Chan G., Simulation of stationnary Gaussian
## processes, Journal of computational and grahical statistics,
#it vol.3, 1994.

#it
#Hit
#it

if(missing(n)) n <- 500

if(missing(H)) H <- 0.6

if(missing(plotfBm)) plotfBm <- 1 ##
#t
## first line of the circulant matrix, C, built via covariances of fGn
#it

lineC <- function(n, H, m){
k <- O:(m - 1)
H2 <- 2 * H
v <- (abs((k - 1)/n)’)H2 - 2 * (k/n)’H2 + ((k + 1)/n)"H2)/2
ind <- ¢(0:(m/2 - 1), m/2, (m/2 - 1):1)
v <- v[ind + 1]
drop(v)

#H
H#H
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## next power of two > n

#Ht
m <- 2
repeat {
m<-2%*m
iflm >= (n - 1))
break
}
stockm <- m ##
H#Hit

## research of the power of two (<2°18) such that
## C is definite positive

#it
repeat {
m«<-2*m
eigenvalC <- lineC(n, H, m)
eigenvalC <- fft(c(eigenvalC), inverse = F)
if((all(eigenvalC > 0)) | (m > 2717))
break
}
iflm > 2717) {
cat("----> exact method, impossible!’”, fill = T)
cat("----> can’'t find m such that C is definite positive", fill= T)
break
}
else {
#it
#it

## simulation of W=(Q)t Z, where Z leads N(0,I_m)
## and (Q)_{ik} = m"(-1/2) exp(-2i pi jk/m)
#it

ar <- rnorm(m/2 + 1)

ai <- rnorm(m/2 + 1)

ar[1] <- sqrt(2) * ar[1]

ar[(m/2 + 1)] <- sqgrt(2) * ar[(m/2 + 1)]

aif1l] <- 0

aif(m/2 + 1)] <- 0

ar <- c(ar[c(1:(m/2 + 1))], ar[c((m/2):2)])

aic <- - ai

ai <- c(aifc(1:(m/2 + 1))], aic[c((m/2):2)])

W <- complex(real = ar, imaginary = ai) ##
Hit
## reconstruction of the fGn
Hit

W <- (sgrt(eigenvalC)) * W
fGn <- fft(W, inverse = F)
fGn <- (1/(sgrt(2 * m))) * fGn
fGn <- Re(fGn[c(1:n)])
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fBm <- cumsum(fGn)
fBm[l] <- 0 ##

i
## plot of fBm
i
if(plottBm == 1) {
par(mfrow = c(1, 1))
time <- (0:(n - 1))/n
Nchar <- as.character(n)
Nleg <- paste(c("N= ", Nchar), collapse = " ")
Hchar <- as.character(round(H, 3))
Hleg <- paste(c(", H=", Hchar), collapse = ")
NHleg <- paste(c(Nleg, Hleg), collapse = ™)
leg <- paste(c("Path of a fractional Brownian motion
————— parameters”,NHleg), collapse = " : ")
plot(time, fBm, type = "I", main = leg)
}
drop(fBm)
}
}
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B Estimators of the self-similarity parameter

B.1 Log-periodogram
perST <- function(fBm, ml1, mz2, llplot)

{
#it
## Input : fom : data modelled by a fractional Brownian
#it motion.
#Ht ml..m2 : range of frequencies used
## llplot : =1 ---> a log-log-plot is done
#Hit
## Output : Estimation of the self-similarity parameter, H,
#Ht using a simple linear regression of log-periodogram
## on log-frequencies
#i
## Example : perST( circFBM(n=500, m1=1, m2=249, H=0.6) )
#it
#it
## Coeurjolly 06/2000
#it
## Reference . Beran J., Statistics for long memory processes,
H#Hit Chapman and Hall, 1994.
#it
#it
#it
if(missing(fBm)) fBm <- circFBM(n = 500, H = 0.6)
if(missing(m1)) ml <- 1
if(missing(m2)) m2 <- trunc((length(fBm) - 1)/2)
if(missing(liplot)) llplot <- 1
fGn <- c(fBm[1], diff(fBm))
n <- length(fGn) ##
#it
## periodogram and Fourier frequecies
#it
l.lambda <- (Mod(fft(fGn, inverse = F)))2/(2 * pi * n)
l.lambda <- l.lambda[m1:m2]
lambda <- (2 * pi * (m1:m2))/n ##
#it
## regression of log-periodogram on log-frequencies
#it
Reg <- Isfit(log(lambda), log(l.lambda), intercept = T)
Hest <- 0.5 * (1 - Reg$coef[2]) ##
i
## log-log-plot
i

if(lplot == 1) {
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}

Hchar <- as.character(round(Hest, 4))

Hleg <- paste(c("Hest", Hchar), collapse = "

par(mfrow = c(1, 1))

plot(log(lambda), log(l.lambda), main =
"Regression of log-periodogram on log-frequencies")

abline(Req)

legend(min(log(lambda)), max(log(l.lambda)), c(", Hleg, ™))

1]
<

drop(Hest)

}

B.2 Variant of Lobato and Robinson

peraggST <- function(fBm, g, m1, m2)

{
Hit
## Input : fom : data modelled by a fractional Brownian
## motion.
H#it g : scale parameter, 0<g<l.
#Ht ml..m2 : range of frequencis.
H#Hit
## Output : Estimation of the self-similarity parameter, H,
## using aggregated periodogram
#i
## Example . peraggST( fBm=circFBM(n=500, H=0.6), g=0.27, m1=1, m2=249)
#it
Hit
## Coeurjolly 06/2000
Hit
## Reference : Lobato 1., Robinson P.M., Averaged periodogram
H#Hit estimation of long memory, Journal of Econometrics,
#Ht vol. 73, 1996.
Hit
Hit
#i
if(missing(fBm)) fBm <- circFBM(n = 500, H = 0.6)
if(missing(q)) q <- 0.27
if(missing(ml)) ml <- 1
if(missing(m2)) m2 <- trunc((length(fBm) - 1)/2)
fGn <- c(fBm[1], diff(fBm))
n <- length(fGn) ##
Hit

## periodogram at Fourier frequencies up to frequence indexed by m2 and g*m2

##

[.lambda <- (Mod(fft(fGn, inverse = F)))2/(2 * pi * n)
Igm <- lLlambda[ml:(trunc(g * m2))]

Im <- lLlambda[m1:m2]

Hest <- 1 - log(sum(lgm)/sum(im))/(2 * log(q))
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drop(Hest)

B.3 Maximum likelihood: Whittle's estimator

whittST <- function(fBm, Hprel)

{
#it
## Input : fom : data modelled by a fractional Brownian
## motion.
## Hprel : preliminary estimation of H to initialize
#H# minimization’s algorithm
#it
## Output : Estimation of the self-similarity parameter, H
#Ht by maximization of approximated likeklihood :
#it Whittle’s estimator
#it
## Example : whittST( fBm= circFBM(n=500,H=0.6), Hprel=0.6)
#it
## See : spdFGN which calculates the normalized spectral density
## of the FGN
#it
#i
## Coeurjolly 06/2000
#it
## Reference . Beran J., Statistics for long memory processes
## Chapman and Hall, 1994.
#it
#it
#Hit
if(missing(fBm)) fBm <- circfBm(n = 500, H = 0.6)
if(missing(Hprel)) {
Db4 <- ¢(0.4829629, -0.8365163, 0.22414386, 0.12940952)
Hprel <- VaPkolST(fBm=fBm, k=2, a=Db4, M=5, 0)$Hols
}
fGn <- c(fBm[1], diff(fBm))
n <- length(fGn)
nstar <- trunc((n - 1)/2)
perio <- (Mod(fft(fGn, inverse = F)))2/(2 * pi * n)
perio <- perio[l:nstar]
global <- vector("list", 2)
global[[1]] <- perio
global[[2]] <- n
assign("global’, global, frame = 1) ##
#i
## criterion to minimize
i
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}

Q <- function(Htry) {
perio <- global[[1]]
n <- global[[2]]
spd <- spdFGN(Htry, n)
result <- (4 * pi)/n * sum(perio/spd)
drop(result)
}
epsilon <- 1.0000000000000001e-05
Hest <- nlminb(objective = Q, start = Hprel, lower = epsilon, upper = 1 -
epsilon)$parameters
drop(Hest)

spdFGN <- function(Htry, n)

{
Hit

##
##
##
#H#
##
#H#
#H#
##
H#H
##
H#H
##
##
##
#H#
##
#H#
H#H#
#H#
H#H

#H#
##
#H#

Input : Htry : value of the self-similarity parameter

for which the spectral density of fGn
is computed
n : length of time series

Output : spd : spectral density of fGn computed at

Fourier frequencies, such that
integral( log(spd) ) = 0
(reduction of number of parameters)

Example : spdFGN( Htry=0.6, n=500 )

Coeurjolly 06/2000

Reference : Beran J., Statistics for long memory processes

Chapman and Hall, 1994.

if(missing(Htry)) Htry <- 0.6

if(missing(n)) n <- 500

alpha <- 2 * Htry + 1

nstar <- trunc((n - 1)/2)

clambda <- (sin(pi * Htry) * gamma(alpha))/pi ##

computation of spd at Fourier frequencies

j <= 2 * pi * ((-300):300)
spd <- rep(0, nstar)
for(k in (l:nstar)) {
lambda <- (2 * pi * k)/n
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stocksum <- sum(abs(j + lambda)’( - alpha))
spdlk] <- clambda * (1 - cos(lambda)) * stocksum

}
#i
## renormalization of spd
#it
theta <- exp(2/n * sum(log(spd)))
spd <- spd/theta
drop(spd)
}

B.4 Time-scale method: wavelet decompaosition

waveST <- function(fBm, j1, j2, llplot)
{

#it
## Input : fom : data modelled by a fractional Brownian
## motion.

## j1...j2 : range of used resolutions level

#Ht llplot : =1 ---> a log-log-plot is done

#it

## Output : Estimation of the self-similarity parameter, H,

## using a simple linear regression of log2-scalogram
#H# on log2-scales.

#it

## Example : waveST( circFBM(n=512, H=0.6), j1=2, j2=7 )

#it

## Subroutine : wd (wavelet decomposition) included in the

#Ht library Wavethresh available on the web to the

## following address: http://www.stat.cmu.edu/S/

#Hit
#it
## Coeurjolly 06/2000

#it

## Reference . Abry P., Veitch D., Waveletet-based joint estimation

#H# for the long-range dependence parameters, preprint 96.
i
#it
#it

n <- length(fBm)
if(missing(fBm)) fBm <- circFBM(n = 512, H = 0.6)
if((trunc(log(n)/log(2)) - log(n)/log(2)) = 0) {

#it

H#H -

## data duplication

m <- 2
repeat {
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##
#H#
##

H#H
##
##
##
#H#

##
#H#
H#H#

##
H#H
##

##
#H#
H#H#

m<-2*m

iflm > n) break

}

fBm <- c(fBm, fBm[(n - 1):(2 * n - m)])
}
if(missing(j1)) j1 <- 2
if(missing(j2)) j2 <- log(length(fBm))/log(2) - 3
if(missing(liplot)) liplot <- 1
n <- length(fBm)
J <- log(n)/log(2) ##

wavelet decomposition of fGn and log-scalogram

fGnwd <- wd(c(fBm[1], diff(fBm)), 3, family = "DaubExPhase")

scalog <- rep(0, j2 - j1 + 1)

for( in (j1:j2)) { ## empirical variance of wavelet coefficients
scalog[j - j1 + 1] <- mean(accessD(fGnwd, |)"2)

}

epsilon_j = log(scalog[j])/log(2) - (2H+1)] - log2(K_H)
estimations of E( epsilon_j) and Var( epsilon_j )

moy.eps <- ¢(-0.83527463, -0.39006796, -0.18780535, -0.092044036,
-0.045553664, -0.022659505, -0.011300406, -0.0056428654,
-0.0028195982, -0.0014093405, -0.00070455559, -0.00035224913,
-0.0001761174, -8.8056909e-05, -4.4028006e-05, -2.2013891e-05)

var.eps <- c(3.4237147, 1.3423458, 0.5907403, 0.27710725, 0.13423536,
0.066069658, 0.032776787, 0.016324379, 0.0081462477,
0.0040691462, 0.0020335796, 0.0010165415, 0.00050820866,
0.00025408878, 0.00012704048, 6.3519251e-05)

resolution <- j1:j2

moy.eps <- moy.eps[resolution]

var.eps <- var.eps[resolution] ##

weighted linear regression of log2-scalogram on log2-scales

Reg <- Isfit(resolution, log(scalog)/log(2) - moy.eps, 1l/var.eps)
Hest <- 0.5 * (1 - Reg$coef[2]) ##

bias brought by non-linearity of logarithm

A <- resolution - mean(resolution)
normA <- as.vector(t(A) %*% A)
bias <- t(A) %*% moy.eps/normA ##

log-log-plot
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}

if(llplot == 1) {

Hchar <- as.character(round(Hest, 4))

Hleg <- paste(c("Hest", Hchar), collapse = " = ")

par(mfrow = c(1, 1))

plot(resolution, log(scalog)/log(2) - moy.eps, main = "Regression of
log2-scalogram on log2-scales")

abline(Req)

if(Hest < 1/2) {

yaxis <- max(log(scalog)/log(2) - moy.eps)

}

else yaxis <- (log(scalog[j2 - 2])/log(2) - moy.eps)

legend(min(resolution), yaxis, c(", Hleg, "))

}

drop(list(Hest = Hest, bias = bias))

B.5 Crossings of 0 of the fGn

IcOST <- function(fBm, sign)

{
#it

##
#H#
H#H#
#H#
#H
##
H#H
##
##
##
#H#
##
#H#
H#H#
#H#
#H
##
H#H
##

Input : fom : data modelled by a fractional Brownian

motion.
sign : value of sgn(H-1/2)

Output : Estimation of the self-similarity parameter, H,

using level 0 crossings of increments of
fractional Brownian motion.

Example : IcOST( fBm= circFBM(n=500,H=0.6), sign=1)
Coeurjolly 06/2000
Reference : Poggi J.M., Statistigues quadratiques pour le brownien

fractionnaire, preprint universite Paris-sud Orsay,
1995.

if(missing(fBm)) fBm <- circFBM(n = 500, H = 0.6)

if(missing(sign)) { ## estimated sign
Db4 <- ¢(0.4829629, -0.8365163, 0.22414386, 0.12940952)
Hprel <- VaPkolST(fBm = fBm, k = 2, a = Db4, M = 5, 0)$Hols
sign <- (Hprel - 0.5)/abs(Hprel - 0.5)

}

fGn <- c(fBm[1], diff(fBm))

n <- length(fGn) ##
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#it
## estimation of number of level 0 crossings of fGn
#it

x1l <- fGn[ - n]

x2 <- fGn[-1]

prodxix2 <- x1 * x2

nlevcross <- length(prodx1x2[prodx1x2 < 0]) ##

#H -
## estimation of H
HH -mmmmmeee-
theta <- (pi * nlevcross)/(n - 1)
r <- sign * abs(cos(theta))
Hest <- 0.5 * (1 + log(1 + r)/log(2))
drop(Hest)
}

B.6 Discrete variations of the fBm: scale parameter known

VaPkstST <- function(fBm, k, a, Hprel)

{

#it

## Input : fom : data modelled by a standard fractional
## Brownian motion.

#it k : power of discrete variations
## a : filter

#Ht Hprel : preliminar estimation of Hto initialize
## minimization’s algorithm

#it

## Output : Estimation of the self-similarity parameter, H,
#Ht using the k-th absolute empirical moment of
## standard fractional Bronian motion

#it

## Example : VaPkstST( fBm=circFBM(500,0.6), k=2, a=c(1,-1),
#H# Hprel=0.6 )

#it

## See : piaH ----> calculates the covariance function of
## discrete variations of fBm.

#it

## Coeurjolly 06/2000

#it

## Reference . Coeurjolly, Estimating the parameters of a fractional
## Brownian motion by discrete variations

#H# of its sample paths,submitted for publication, 1999
#it

#i

#it

if(missing(fBm)) fBm <- circFBM(n = 500, H = 0.6)
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H#H
H#H

if(missing(k)) k <- 2
if(missing(a))

a <- ¢(0.4829629, -0.8365163, 0.22414386, 0.12940952)
if(missing(Hprel)) { ## first estimation of H

Db4 <- ¢(0.4829629, -0.8365163, 0.22414386, 0.12940952)

Hprel <- VaPkolST(fBm = fBm, k = 2, a = Db4, M = 5, 0)$Hols

## estimation of the k-th absolute empirical moment of discrete
## variations of fBm

#H#

#H#

n <- length(fBm)

Va <- filter(fBm, a, sides = 1)

Va <- Va[ - (L:(length(a) - 1))]

Ek <- (2°(k/2) * gamma(0.5 * k + 0.5))/gamma(0.5)
SNka <- mean(abs(Va)'k)

param <- vector("list", 5)

param[[1]] <- n
param[[2]] <- k
param[[3]] <- a
param[[4]] <- SNka

param[[5]] <- Ek

assign("param”, param, frame = 1) ##

## minimization to get g_{k,a,n}’{-1} ( SNka )
## see Coeurjolly 99

H#H

}

Q <- function(Hessai)
{
n <- param[1]]
k <- param[[2]]
a <- param[[3]]
SNka <- param[[4]]
Ek <- param[[5]]
pia0 <- piaH(a, Hessai, 0)
res <- log(SNka) + Hessai * k * log(n) - log(pia0™(k/2) * EKk)
res <- abs(res)
drop(res)
}
epsilon <- 1.0000000000000001e-05
Hest <- nlminb(objective = Q, start = Hprel, lower = epsilon, upper
epsilon)$parameters
drop(Hest)

piaH <- function(a, H, 1)

{
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#H#

## Input : a . filter
## H : self-similarity parameter
## i : indice for which the covariance is evaluated
#it
## Output : calculus of the covariance function of process of
#Ht discrete variations of fBm, given by
## pi_aH () = -1/2 sum_{g=0}{I{ a_q a_r |g-r+i|{2H} }
#it
## Example : piaH( a=c(1,-1), H=0.6, i=0 )
#it
#it
## Coeurjolly 06/2000
#it
#i
#it

if(missing(a)) a <- c(1, -1)

if(missing(H)) H <- 0.6

if(missing(i)) i <- 0

| <- length(a) - 1

d<-I+1

mat <- matrix(rep(0, d * d), ncol = d)

for(g in (O:1) {

for(r in (0:) {
z <-afqg + 1] * a[r + 1] * abs(qg - r + i) (2 * H)
matjg + 1, r + 1] <- -05 * z
}

}

piaH.i <- sum(apply(mat, 1, sum))

drop(piaH.i)
}

B.7 Discrete variations of the fBm: scale parameter unknown
B.7.1 Ordinary least squares (ols)

VaPkolST <- function(fBm, k, a, M, liplot)

{

#it

## Input : fom : data modelled by a fractional

#Ht Brownian motion.

#H# k . power of discrete variations

## a : filter

#it M : maximum number of dilatations of a
#Ht llplot : =1 ---> a log-log-plot is done

#it

## Output

## Hest, Cest : estimation of the self-similarity parameter, H
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#H#
##
#H#
H#H
##
H#H
##
H#H
##
##
##
#H#
##
#H#
#H#
##
H#H
##
H#H
##
##
##
#H#
##
#H#
H#H#
#H#

##
#H#
H#H#

H#H#
##
#H#

and the scale coefficient by a simple linear
regression of
log( S_n(k,am) ) on log( m ) for m=1,...,.M
where a'm is the filter a, dilated m times and
S n(k,a’m) is the k-th absolute empirical
moment of discrete variations of fractional
Brownian motion
LN : vector of log( S_n(k,a'm) )
bias : bias brought by the non-linearity of the
logarithm function
Example : VaPkolST( fBm=circFBM(500,0.6), k=2, a=c(1,-1),
M=5, llplot=1 )
See piaH ---> calculates the covariance function of
discrete variations of fBm
Coeurjolly 06/2000
Reference :  Coeurjolly, Estimating the parameters of a fractional
Brownian motion by discrete variations
of its sample paths,submitted for publication, 1999
if(missing(fBm)) fBm <- circFBM(n = 500, H = 0.6)
if(missing(k)) k <- 2
if(missing(a))
a <- ¢(0.4829629, -0.8365163, 0.22414386, 0.12940952)
if(missing(M)) M <- 5
if(missing(liplot)) llplot <- 1
N <- length(fBm)  ##
dilatation m times of filter a

dilatation <- function(a, m)

{
la <- length(a)
am <- rep(0, m * la - 1)
am[seq(l, m * la - 1, by = m)] <- a
drop(am)
}

estimation of H by a simple linear regression

la <- length(a)
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Vam <- rep(0, M)

SNkam <- rep(0, M)

Vam <- filter(fBm, a, sides = 1)

Vam <- Vam[ - (1:(la - 1))]

SNkam[1l] <- mean(abs(Vam)’k)

for(m in (2:M)) {
am <- dilatation(a, m)
Vam <- filter(fBm, am, sides = 1)
lam <- m * la - 1
Vam <- Vam[ - (1:(lam - 1))]
SNkam[m] <- mean(abs(Vam)'k)

}
LN <- log(SNkam)
m <- 1.M

Reg <- Isfit(log(m), LN, intercept = T)
Hols <- Reg$coef[2]/k ##
#it
## calculus of the bias brought by non-linearity of log
#it

mean.eps <- rep(0, M)

for(m in (1:M)) { ## approximation by expansion of psi(z)-log(z)
z<-05*(N-m* (la- 1))
mean.eps[m] <- -1/2/z - 1/12/z°2 + 1/120/z°4 - 1/252/z°6

}

m <- 1:M

A <- log(m) - mean(log(m))

norm.A <- as.vector(t(A) %*% A)

bias <- - t(A) %*% mean.eps/2/norm.A ##

Hit
## estimation of the scale coefficient
Hit
Ek <- (2°(k/2) * gamma(0.5 * k + 0.5))/gamma(0.5)
pia0 <- piaH(a, Hols, 0)
thetaols <- Reg$coef[1]
Cols <- N7(Hols)/EK"(1/Kk)/sqgrt(pia0) * exp(thetaols/k) ##
R
## log-log-plot
s

if(llplot == 1) {
par(mfrow = c(1, 1))
Hchar <- as.character(round(Hols, 4))
Hleg <- paste(c("Hest", Hchar), collapse = " = ")
plot(log(m), log(SNkam), main = "Regression of
log( SN(k,am) ) on log(m)")
abline(Reg)
legend(min(log(m)), max(log(SNkam)), c(*, Hleg, ™))
}
drop(list(Hols = Hols, Cols = Cols, LN = LN, bias = bias, ))
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}

B.7.2 Generalized least squares (gls)

VaPkgIST <- function(fBm, k, a, M, llplot)

{
#it

##
#H#
#H
#H#
H#H
##
H#H
##
##
##
##
##
#H#
#H#
#H#
#H
##
##
##
##
##
#H#
##
#H#
#H#
#H#
H#H
##
##
##
H##
##
##
##
#H#
#H#
#H#
H#H

Input

Output

Example

See

fom : data modelled by a fractional
Brownian motion.
k . power of discrete variations
a : filter
M : maximum number of dilatations of a
llplot : =1 ---> a log-log-plot is done

Hest, Cest : estimation of the self-similarity parameter, H
and the scale coefficient by a weighted linear
regression of
log( S _n(k,a'm) ) on log( m ) for m=1,....M
where a’m is the filter a, dilated m times and
S n(k,a’m) is the k-th absolute empirical moment
of discrete variations of fractional Bronian motion

VaPkgIST( fBm=circFBM(500,0.6), k=2, a=c(1,-1),
M=5, llplot=1 )

piaH ---> calculates the covariance function of
discrete variations of fBm for the filter a
rhoadil --> calculates the covariance function of
discrete variations of fBm for filters a’m and
a'n (filters dilated of a)
VaPkolST

Coeurjolly

Reference

06/2000

Coeurjolly, Estimating the parameters of a fractional
Brownian motion by discrete variations
of its sample paths,submitted for publication, 1999

if(missing(fBm)) fBm <- circ(n = 500, H = 0.6)
if(missing(k)) k <- 2
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if(missing(a))
a <- ¢(0.4829629, -0.8365163, 0.22414386, 0.12940952)
if(missing(M)) M <- 5
if(missing(liplot)) llplot <- 1
N <- length(fBm)
stock <- VaPkolST(fBm, k, a, M, 0) ##

H#
## Preliminar estimation of H
H#
Hols <- stock$Hols
LN <- stock$LN ##
HH#

## Coefficients of asymptotic variance deduced
## by Hermite’s expansion

#t
coefVar <- function(j, k)
{
res <- 1
for(q in (0:(j - 1)) {
res <-res * (k - 2 *q)
}
res <- res"2/prod(1:(2 * J))
drop(res)
}
if(k %% 2) == 0) seuilj <- k %/% 2
else seuilj <- 50 ## approximation
coef.Var <- rep(0, seuil))
for(j in (L:seuilj)) {
coef.Var[j] <- coefVar(j, k)
}
#it
## asymptotic covariance matrix
#t
Gk <- matrix(0, M, M)
for(m in (1:M)) {
seuil <- 50
rhoamam <- rep(0, 2 * seuil + 1)
for(i in (( - seuil):seuil)) {
z <- rhoadil(a, Hols, i, m, m)
rhoamam[i + seuil + 1] <- z
}
for(j in (L:seuil))) {
z <- coef.Var[j] * sum(rhoamam™(2 * j))
Gk[m, m] <- z
}
}
#it

## normal equations: generalized least squares
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#H#

##
##
##

Gkinv <- solve(GK)

vm <- c¢(2 * log(1:M), rep(1, M))

X <- matrix(vm, ncol = 2)

matS <- t(X) %*% Gkinv %*% X
Sinv <- solve(matS)

matT <- t(X) %*% Gkinv %*% LN
betaest <- Sinv %*% matT  ##

estimations of Hgls and Cgls

Hgls <- betaest[1]

pia0 <- piaH(a, Hgls, 0)

Cgls <- N°(Hgls)/sqgrt(pia0) * exp(betaest[2]/2)
drop(list(Hgls = Hgls, Cgls = Cqgls))

rhoadil <- function(a, H, j, ml, m2)

{
#

#H#
#H#
##
H#H
##
H#H
##
##
##
#H#
##
#H#
H#H#
#H#
H#H

Input a : filter
H : self-similarity parameter
j : indice for which the covariance is evaluated
ml : first number of dilatations of a
m2 : second number of dilatations of a

Output : Correlation function of
discrete variations of fBm for filters a'ml1 and
a'm2 (filters dilated of a)

Coeurjolly 06/2000

| <- length(a) - 1

d<-1+1

mat <- matrix(rep(0, d * d), ncol = d)

mat0 <- matrix(rep(0, d * d), ncol = d)

for(q in (0:) {

for(r in (0:1)) {
matjg + 1, r + 1] <- a[g+ 1] * a]r + 1] *
abs + m1 *q - m2 *r)(2 * H)
matOfg + 1, r + 1] <- a[g + 1] * a[r+ 1] *
abs(ml * q - m2 * r)°(2 * H)
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piamlam2.j <- sum(apply(mat, 1, sum))
piamlam2.0 <- sum(apply(mat0, 1, sum))
rhoamlam2.j <- piamlam2.j/piamlam2.0
drop(rhoamlamz2.)
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