Numerical Integration in S-PLUS or R: A
Survey

Diego Kuonen

This paper reviews current quadrature methods for approximate calcula-
tion of integrals within S-Plus or R. Starting with the generalframework,
Gaussianquadrature will be discussedrst, followed by adaptive rules and
Monte Carlo methods. Finally, a comparison of the methods presened is
given. The aim of this survey paper is to help readers,not expert in comput-
ing, to apply numerical integration methods and to realize that numerical
analysisis an art, not a science.
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1 Intro duction

Numerical integration, also called quadiature, is the study of how the numerical value of
an integral can be found. The purposeof this paper is to discussquadrature methods
for approximate calculation of integrals. All are based,in one way or another, on the
obvious device of adding up the value of the integrand at a sequenceof points within
the range of integration. Hence,most of the approximations we considerhave the form

Z Z W
W(X1; i Xm)f (Xe; i i Xm)dx,  dXm Wif (Yi:1;::0 5 Yim )s (1.1

R i=1
where R, is a given region in a m-dimensional Euclidean spaceE, and W(X1;::: ;Xm)
is a given weight function. The (yi:1;:::;Yim) lie in Ey and are called the points of the
formula. The W; are constarts which do not dependonf (x1;::: ;Xm) and are called the
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coe cients of the formula. We say that formula (1.1) hasdegree r (or degree of exactness
r) if it is exact for all polynomialsin x1;::: ; Xy of degree r and there is at least one
polynomial of degreer + 1 for which it is not exact. Seealso Stroud (1971) or Evans
(1993, chap. 6).

The theory of integration formulae for functions of one variable (m = 1) is well
dewveloped. A great deal of this theory can be found in the books by Engels (1980),
Davis and Rabinowitz (1984), Evans (1993) or Presset al. (1993,chap. 4). Form = 1
equation (1.1) can be written as

w(x)f (x)dx = w(x)f (x)dx Wif (y): 1.2)
R

a i=1

In the classicalformulae the integral of a function is approximated by the sum of its
valuesat a set of equally spacedpoints, multiplied by certain aptly chosencoe cien ts of
the formula. Examplesinclude the trap ezoidal and Simpson'srules. Henceonly the W;
are freeto be usedto forcethe quadrature rule to have a certain degreeof exactness.The
freedomto x the points y; hasbeenthrown away, presumablyin the interests of getting
linear equationsfor the W;. If the y; are also left free, the result is a set of non-linear
equationswhich can be shown to have solutions basedon the zerosof the assaiated sets
of orthogonal polynomials for the given interval [a;b] and weight function w(x). This
leadsto the elegan theory of Gaussianquadrature, which will be discussedin Section
3. Gaussianquadratures are formulae which are said to be progressive as the points
for any point-number M are in general quite di erent from those for any other point-
number. Another term usedto describe quadrature rules is adaptive A rule is adaptive
if it compensatesfor a di cult subrangeof an integrand by automatically increasingthe
number of quadrature points in the awkward region. As we will seein Section4 adaptive
rules are usually basedon a standard underlying quadrature rule, often a progressiwe one.
For very high dimensionality Monte Carlo or random sampling methods (Section 5) can
beginto be competitiv e, though in this regimeall methods tend to be very inaccurate for
a reasonablecomputer e ort. Finally, a comparison of the preseried methods is given
in Section6. But, rst we describe the computing environment used.

2 Computing Environment

Calculations were made on a Sun SPARC Ultra 60 workstation with 1Gb RAM using
S-Plus or R. S-Plus is avalue-addedversionof S (Becker et al., 1988;Chambers, 1998)
sold by Insightful Corporation. The S languageis often the vehicle of choice for researt
in statistical methodology and R (lhaka and Gertleman, 1996; www.R-project.org )
provides a free software route to participation in that activity. Good referencebooks for
S-Plus and R are Venablesand Ripley (2000, 2002).

The tools available in S-Plus to measureresourcesdi er between versions. The
principal resourceconsideredin this paper is CPU time. It is clear that more resources,
like memory usage,should be consideredbut we found it su cien t to considerCPU time



in order to illustrate our remarks. To do so we usedthe S-Plus function resources
given in Venablesand Ripley (2000, pp. 151{152).

3 Gaussian Quadrature

The idea of Gaussianquadrature is to give oursehesthe freedomto choosenot only the
coe cien ts Wi, but also points at which the function is to be ewvaluated. Moreover, the
formula (1.2) is forcedto have degreeof exactnes2M 1. Becauseof the computational
expenseof generatinga new Gaussianformula, only commonly usedcombinations of the
interval and weight functions are normally tabulated (Evans, 1993, sec. 2.3). The most
commonly usedrule is the Gauss{Legendrerule with interval [ 1;1] and weight function
w(x) = 1.

Neither S-Plus or R o er the Gauss{Legendrerule, nor any other standard Gaus-
sian quadrature rule, by default. Nevertheless, the integrate2 library for S-Plus
(lib.stat.cmu.edu/S/integra te2) corntains the function intgauss , which performs
the numerical integration of a function over a given region using a classical 10 point
Gaussianformula. To give more exibilit y for the choiceof M and to extendit to higher
dimensions,we wrote a S-Plus function GL.integrate.1D to compute (1.2) by means
of the Gauss{Legendrerule and basedon a modi ed version of the C function GAULEG
given in Presset al. (1993, p. 151). The function is ertirely written in S-Plus ; a C
version is available. We usedthe fact that any nite range quadrature on the interval
[a;b], can be transformed using the linear transformation

b a, b+a
x= — <2

t+
2 2

to the standard interval [ 1;1]. The function GL.integrate.1D is given in Kuonen
(2001, app. A, Table A.1). It usesthe function GL.YWwhich computes, if needed,
the points y; and the weights W; for the interval [low;upp], for i = 1;:::;M, where
M = order . The function GL.YWSs given in Kuonen (2001, app. A, Table A.2).
For the multi-dimensional casewe reducethe multiple integral on the left-hand side
of (1.1) into repeatedintegrals over [ 1;1],
z 1 z 1 Z 1
dxq dxo f (X100 Xm)dXm: 3.1
1 1 1
Then we apply a classicalquadrature formula to ead integral in (3.1), which yields using
the right-hand side of (1.1) a product rule of the form

W X
Wi, Wi f (Vi 5 Yim )i (3.2)
im =1 i1=l
wherethe weights Wj; and the pointsy;,, j = 1;::: ;m, are chosento be appropriate for

the speci ¢ dimensionto which they are applied (Evans, 1993,chap. 6). The number of
function evaluations usingthe M ™ integration points may be quite large. For m = 2 this



is illustrated by the S-Plus function GL.integrate.2D givenin Kuonen (2001, app. A,
Table A.3). For example

> tmp.fct  <- function(x,y) {1/(1-x*y)}
> GL.integrate.2D(tmp.fct , low=c(0,0), upp=c(1,1), order=128)
[1] 1.644886

took 5.48secondsCPU time to perform 16,384function evaluations when the calculation
of the array containing the points and the weights was needed,and 0.09 secondsCPU
time when previously tabulated valueswere taken.

Multi-dimensional Gaussianquadrature up to m = 20 over hyper-rectanglescould
also be computed with the subroutine DO1FBF from the commercial NAG Fortran li-
brary (www.nag.co.uk), and loaded dynamically into S-Plus or R. There is ongoing
dewvelopmert of a free software library of routines for numerical computing: the "GNU
Sciertic Library' (GSL) available at sources.redhat.com/gsl/ . Current releasedook
promising.

There are many dierent ways in which the Gaussian quadrature has been ex-
tended. An exampleis the Gauss{Kronrod formulae; see,for instance, Davis and Rabi-
nowitz (1984, sec. 2.7.1.1). An optimal extension can be found for Gauss{Legendre
guadrature, giving a degree of exactnessof 3M + 1. This is for instance the case
with the S-Plus or R function integrate , which implements uni-dimensional adap-
tive 15-point Gauss{Kronrod quadrature basedon the Fortran functions DQAGE, and
DQAGIE from QUADPACK (Piessenset al., 1983;www.netlib.org/quadpack /). This
function is the only numerical integration function implemented in the S-Plus or R
standard padkages. A similar function, gkint from the S-Plus library integrate2
(lib.stat.cmu.edu/S/integra te2) usesa (7{15)-point Gauss{Kronrod pair by means
of the routine DQAG from QUADPACK.

As merntioned, for M quadrature points in ead dimension the sum in (3.2) is over
M ™ terms. Therefore the numerical e ort of Gaussianquadrature techniques increases
exponertially with the integral dimension. Hencewhen m is large this method is nearly
useless.Furthermore, the trouble with Gaussianquadrature is that you have noreal idea
of how accurate the answer is. You can always increasethe accuracy by using a higher
order Gaussmethod or by applying it piecewiseover smaller periods but you still do not
know the accuracyin terms of correct decimal places. To get a prescribed accuracy one
needsadaptive integration, which keepsreducing the step sizeuntil a speci ed error has
beenadieved.

4 Adaptive Metho ds

Adaptiv e algorithms are now usedwidely for the numerical calculation of multiple inte-
grals. Thesealgorithms have beendewveloped for a variety of integration regions, includ-
ing hyper-rectangles,spheres,and simplices. A globally adaptive algorithm for integra-
tion over hyper-rectangleswas rst described by van Dooren and de Ridder (1976) and
programmed as a Fortran function HALF. It wasimproved by Genz and Malik (1980).



Implementations of the Genz and Malik modi ed algorithm (programmed as a Fortran
function ADAPT) have appearedin the NAG Fortran library (www.nag.co.uk, subrou-
tine DO1FCF). The routine operates by repeated subdivision of the hyper-rectangular
region into smaller hyper-rectangles. In ead subregion, the integral is estimated using
a rule of degreesewen, and an error estimate is obtained by comparisonwith a rule of
degree v e which usesa subsetof the samepoints. These subdivisions are designedto
dynamically concerrate the computational work in the subregionswhere the integrand
is most irregular, and thus adapt to the behaviour of the integrand. Genz (1991) gives
a detailed description in the cortext of adaptive numerical integration for simplices.

Berntsenetal. (1991a)improvedthe reliabilit y of previousalgorithms, and dewveloped
a new algorithm for adaptive multidimensional integration. Tests(Berntsen et al. 1988)
of a Fortran implementation, DCUHRE (Berntsen et al., 1991b), have shawn that the
improvemert has beensuccessful.

Both DCUHRE and ADAPT can be dynamically loaded into S-Plus or R. The
Fortran routine DCUHRE is implemerted in the S-Plus function dcuhre, which is
contained in the integrate2 library (lib.stat.cmu.edu/S/integr ate 2), and ADAPT
comeswith the S-Plus function adapt includedin the S-Plus library adapt (lib.stat.
cmu.edu/S/adapt ). The function adapt is in the R padageintegrate , which is avail-
able on CRAN (cran.r-project.org ).

Genz (1992) suggestedthat sud subregion adaptive integration algorithms can be
usede ectively in somemultiple integration problems arising in statistics. The key to
good solutions for these problems is the choice of an appropriate transformation from
the in nite integration region for the original problem to a suitable nite region for the
subregionadaptive algorithm. Genz(1992,sec. 3.2) alsodiscussedli erent typesof suc
transformations; seealso Davis and Rabinowitz (1984) for further examplesof possible
transformations.

Traditional quadrature methods (even newer adaptive ones) have beenalmost for-
gotten in the recert rush to "Markov Chain Monte Carlo' (MCMC) methods; Evansand
Swartz (1995) provided a nice recert summary focusing on these methods. They indi-
cate that signi cant progresshas beenmade using v e generaltechniques: asymptotic
methods, importance sampling, adaptive imp ortance sampling, multiple quadrature and
Markov chain methods. More recenly, Genz and Kass (1997) argued that the rea-
son why existing quadrature methods have been largely overlooked in statistics, even
though they are known to be more e cien t than Monte Carlo methods for well-behaved
problems of low dimensionality, may be that when applied they are poorly suited for
peaked-integrand functions. Hencethey proposedtransformations basedon split-t dis-
tributions to allow integrals to be e cien tly computed using a subregion-adaptive nu-
merical integration algorithm. Fortran routines are already available (BAYESPACK at
www.sci.wsu.edu/math/facu Ity /genz/ge nzhomekoft ware.ht ml) and work on con-
structing a version for usewith S-Plus is underway.



5 Monte Carlo Metho ds

Numerical methods known as Monte Carlo (MC) methods can be loosely described as
statistical simulation methods. For a complete intro duction to MC integration we refer
to Stroud (1971, chap. 6), Kalos and Whitlo ck (1986) or Robert and Casella (1999,
chap 3). The classicalMC method for approximating a multiple integral asgivenin the
left-hand sideof (1.1) with w(x1;::: ;Xyn) = 1, denotedby | (f ), is asfollows. We choose

M setof points fys.1; 0 ;yemG i fym:1; i1 s Ym:m@ at random, uniformly distributed

in Rm. The integral is then estimated using W; = V=M in the right-hand side of (1.1),
y M

L) P = o O Yim); (5.1)

i=1

whereV = | (1) is the m-dimensional volume of R,,. The basic MC method iterativ ely
approximates a de nite integral by uniformly sampling from the domain of integration,
and averaging the function valuesat the samples. The integrand is treated asa random
variable, and the sampling schemeyields a parameter estimate of the mean, or expected
value of the random variable. Since(*(f) in the right-hand side of (5.1) estimates| (f )
the absolute error in this mean can be evaluated by considering the corresponding
standard error of the mean,

= ("(f) I (f) (5.2)

M 1:2;
where 2is VI (f2) 12(f). If fype;:i;yemGiii:fym:1::: ;Ym:mg are regarded as
independert random variables then '(f) is a random variable with mean | (f) and
variance 2=M, which can also be estimated from the random samplethrough

W
— ff(yniyim)  ((F)g®
i=1
Furthermore, the error estimate (5.2) may be inverted to showv the number of samples
neededto yield a desirederror, M = 2=2, For m = 1 this is illustrated by the S-Plus
functions MC.integrate.1D and for the two-dimensionalcaseby MC.integrate.2D ; both
given in Kuonen (2001, app. A, TablesA.5{A.6). An exampleof their useis

> MC.integrate.1D(functio n(z) sart(z), 0, 1, 1000, 2/3)
To achieve an error of 0.0001 you need at least 314516 points.
[1] 0.6670135

This clearly re ects the slow convergenceof the MC methods; the absolute error (5.2)
has an average magnitude of O(M 172). Henceto reducethe error, for example, by a
factor of 10 requiresa 100-fold increasein the number of samplepoints. In the previous
example one would needM = 314 516 points to get an accuracy of 0:0001. Therefore,
other methods have been studied for decreasingthe error. Sudh approximations are
called "QuasiMonte Carlo' (QMC) methods. The QMC method usesa formula which is



formally identical to that of the MC method, exceptthat the points usedfor evaluating
the function are generateddeterministically. Unlike the MC method, the QMC method
hasa deterministic error bound, and the accuracyof the integral is generally signi cantly
better than in the MC method. Many di erent QMC methods are known. One method
makes use of results from the the theory of numbers and is called the number-theoretic
method; seeStroud (1971, sec. 6.3), Fang and Wang (1994) or Fang et al. (1994).

Additional methods have been employed to reduce the error of the MC method,
such as importance sampling, stratied sampling, antithetic variates and non-random
sequencegqPress et al., 1993, sec. 7.6{7.8; Evans and Swartz, 1995). These methods
are mostly concernedwith nding sets of points that yield smaller integration errors.
Imp ortance sampling concerrrates samplesin the areawhere they are more e ectiv e by
using a priori knowledge of the function. Strati ed sampling tries to distribute samples
evenly by subdividing the domain into subregionssuc asgrids. It is possibleto conmbine
someof thesetechniques, or to apply them adaptively (Presset al., 1993,sec. 7.8). For
example, uniformly distributed samplesgeneratedby strati cation can be employed for
importance sampling.

As described above, MC integration draws samplesfrom the required distribution,
and then forms sample averagesto approximate expectations. MCMC methods draw
these samplesby running a constructed Markov chain for a long time. An example of a
way to construct such a chain is the Gibbs sampler. An introduction to MCMC methods
and their applications is given in Gilks et al. (1996) or Robert and Casella(1999). But
guestionson corvergenceof the chains and e cien t implemenation remain unresohed
(Cappe and Robert, 2000).

It is well known that for high-dimensional integrals MC techniques should be pre-
ferred to the standard quadrature methods given in Sections3 and 4 sincethe sum in
(5.1) isonly over M terms instead of the M ™ terms in (1.1). Nevertheless,we do not feel
so comfortable using the MC methods mentioned in this section for mainly one reason:
one needstoo many function evaluations to get a certain accuracy Sowe will consider
their simplestversions(Kuonen, 2001,app. A, TablesA.5{A.6) in the next sectiononly
for purp osesof illustration.

6 Comparison

The testing of numerical quadrature methods involves the practical realization of the
theoretical claims, and is well illustrated by applying a method to a set of well-designed
examples. For m = 1 two extensiwe sets of test integrals which appear in the numerical
analysis literature have beenusedto make a comparative computation. The rst setis
due to Casaletto et al. (1969) and contains 50 functions ranging from polynomials up
to degree20 through functions with discortinuities; seealso Evans (1993, Table 2.3).
The secondset of 21 examplesis due to Kahaner (1971) which includesin addition some
harder examples(Evans, 1993, Table 2.4). These 71 test exampleshave beenintegrated
using the various S-Plus functions described in the previous sections. Namely, from
Section 3 the default S-Plus function integrate , the function intgauss using a 10-
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Figure 1 Absolute integration errors for Cz;Cas; Cag; Cag; K2; K7 (given in Table
1) using the S-Plus functions integrate , intgauss , gkint , GL.integrate.1D
(GL) and MC.integrate.1D (MC) with the number of points in brackets.

point Gaussianformula, the (7{15)-point Gauss{Kronrod method implemerted in gkint
and GL.integrate.1D givenin Kuonen (2001,app. A, Table A.1) which usesthe Gauss{
Legendre(GL) rule with M points. And from Section5 the function MC.integrate.1D
(Kuonen, 2001,app. A, Table A.5).

In an extensive comparative study we applied them to the 71 test examples. We
used GL with 4;8;16;32;64 and 128 points, and MC with 10%;10%: 10° and 10° points.
The polynomials were easily integrated with lower order (> 4) GL rules. For the other
examplesit appearedthat a 64-point GL procedureis necessaryto get reliable results.
For the MC methods choicesof the number of points belov 10; 000 were unsatisfactory.

The most interesting of the 71 test functions are givenin the upper and middle blocks
of Table 1, where C; denote the selectedtest integrals from Casaletto et al. (1969) and
K; the onesof Kahaner (1971). Note that i = 3;26,29,30,34,48 or ] = 7;15,16,21
correspond to n in Evans' Tables2.3 or 2.4 respectively. The resulting absolute errors of
the procedurescomparedto their analytical values (right column of Table 1) are given
in Figure 1 for C3;Cyq; Co9; Cug; K2 and K7, and in Table 2 for C3q; C34; K 15; K 16 and
K2:. As illustrated in Figure 1 the polynomial C3 was easily found, as well as Cyg
which cortains an oscillation in the denominator (Figure 2, top middle panel). Integrals
Cy9 and Cgzq; Cz4 (Table 2), represerted in the top right, bottom left and bottom middle
panels of Figure 2, all exhibit oscillatory behaviour which gives only very high order
methods any chance of success.This is especially true with Cz4 when MC integration
and orders inferior to 128 are used. Similarly the discortinuities in Csg and K, did
not causesurprising results in Figure 1. An oddity occurred with K »1 (Table 2) which
appearsto defeatall the methods due to its nature shavn in the bottom right panel of



Table 1 A selection of test integrals used in the comparative study.

Integrals Analytic values
— Ry 2 .

Cs= R(X 2x + 3)dx 2:333333

Co6 = o 2=f2+ sin(10 x)gdx 1:154700

Coo = R0 X sin(30x) cosx dx 0:209672

Cso = R)Z X Sin(30x) cog50x) dx 0:117809

Caa= % (100 )2 x2g2sinx dx 298435716
_ R _ 15(x+2); 0 x e 2 _

Cag = Cag(X) dX, Csag(x) = 0: e 2<x 1 0:306852
Ko= SO0 dx, ke(x) = O O x<03 0:7
27 0" ' 2 1, 03 <x 1 '

_R o

K7 = X dx 2
K15 = R)1025exp( 25x) dx 1
K16 = R)lo 50=f (1 + 2500x2)gdx 0:499363
Kor= 4 koa(x) dx, koa(x) = [1=cosif 10(x  0:2)g]?

+[1=coshH 100(x  0:4)g]*

+[1=cosH 1000 0:6)g]® 0:210802

Rl Rl 2
E]_ = R, Rl_(l X1X2) dX]_dXz 3 =6
Es= RllR 12 X1 %) Pdxadxo 16(% 2)=3
Es= R 1R 1(3 X1 2X2) 1=2 dX]_dXz 4 2(3 3 2 2 l)—3
Eg = R, 1R111X1 + x2 0:25 dx;dx» 5=3+ =16
Er= 7, 1JX1 X2j 172 dx1dx> 8=15
Figure 2.

The default S-Plus function integrate , which implemerts uni-dimensional adap-
tive 15-point Gauss{Kronrod quadrature, and a 128-point GL rule, as implemented in
GL.integrate.1D , performed best, and this within the ertire comparative computation
of the 71 test examples. The S-Plus function intgauss and the MC rules were less
accurate.

In order to enablethe testing of the other adaptive methods described in Section 4
we consideredthe two-dimensional test integrals listed in Evans (1993, Table 6.2). A
selectionis given in the lower block of Table 1, where E; denotethe I in Evans' Table
6.2for i = 1;3;4,6;7. We consideredthe following adaptive rules: the ADAPT routine
(Genz and Malik, 1980) using the S-Plus function adapt and DCUHRE (Berntsen
et al., 1991b) by means of the S-Plus function dcuhre. We compared both with



Table 2 Absolute integration errors for Cso; Caa;K15;K16; K21 (given in Table 1)
using the S-Plus functions integrate , intgauss , gkint , GL.integrate.1D (GL)
and MC.integrate.1D (MC) with the number of points in brackets. The values
are rounded to three decimal places.

integrate intgauss  gkint GL GL MC MC
(64) (128) (10,000) (100,000)

Czo 0.000 3.186 0.000 0.239 0.176 0.228 0.064
Ca 0.000 5,476.455 0.000 3,425.142 0.000 886.795 131.527
Kis 0.000 0.681 0.000 0.000 0.000 0.022 0.024
K16 0.000 0.362 0.000 0.001 0.000 0.061 0.047
K21 0.211 0.211 0.210 0.211 0.211 0.210 0.210
0.0 0.2 04 N 0.6 0.8 1.0 0.0 0.2 0.4 y 0.6 0.8 1.0 0 1 2 3X 4 5
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Figure 2 Plot of the integrands of C3; Cys; C29; C3z0; Caa and K21 (clockwise from
top left) givenin Table 1.

GL.integrate.2D (GL) and MC.integrate.2D (MC), given in Kuonen (2001, app. A,
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Figure 3 Integration of E1;Es;E4;Es; E7 (given in Table 1) using the S-Plus
functions adapt, dcuhre, GL.integrate.2D (GL) and MC.integrate.2D (MC)
with the number of points in brackets. Left panel: Absolute integration errors.
Right panel: CPU times in seconds.

TablesA.3 and A.6), using seeral choicesfor the number of points per dimension. For
examplethe useof a 32-point GL would result in 1024function evaluations. The perfor-
manceof thesemethodsis illustrated in the left panel of Figure 3. The maximal absolute
error achieved over all integrals was 0.0326with E; using adapt. This illustrates that
all methods work reasonably well when applied to E;, i = 1;3;4;6;7. Nevertheless,
adapt and the MC methods (even with one million points) perform slightly worsethan
the others, whereasdcuhre and a 128-point GL seemto be the most accurate methods
under consideration. But the right panel of Figure 3 illustrates that the useof dcuhre
resultsin signi cantly larger CPU times. This fact is not surprising for the MC methods
as the number of points and hencethe number of function evaluations is impractically
large.

Once again, the useof a 128-point GL rule (GL.integrate.2D ) delivered very accu-
rate results within small CPU times as well as did adapt. Moreover, we noticed that
dcuhre outperformed adapt in accuracy but used much more CPU time. This was
underlined with additional exampleswhich are not given here.

7 Discussion

Numerical integration methods for usein S-Plus or R were discussedand reviewed in
this paper. Howewer, questionson corvergenceand e cien t implementation still remain.
Somefuture approadesstated herein are promising.

As noted integrals over in nite  domains should be transformed to a nite region
in view of the accuracy and convergenceof the quadrature method in use. This is
especially true for adaptive integration algorithms which require repeated subdivision of
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the integration region. When the integration is in nite, the point along the axis where
the current subregionis to be cut is not clearly de ned. Henceit is corveniert to consider
someappropriate transformations from the in nite integration regionto a nite region.
Then quadrature can be applied directly on the transformed integrand over the nite
integration region. A number of simple one-\ariable transformations have beenusedfor
integration problems. Care must be taken in the selection of the transformation. As
a chek on consistencyand e ciency we encourageuse of seweral transformations for
di erent computations of the sameintegral, and then comparison of their results.

An important point to realizeis that when using quadrature methods, like the Gauss{
Legendrerule, the only information sud a method hasabout the integrand is a sequence
of numerical valuesfor it. To get a de nite result for the integral, such a procedurethen
e ectiv ely hasto make certain assumptionsabout the smoothnessand other properties
of the integrand. If a su cien tly pathological integrand is given, theseassumptionsmay
not be valid, and as a result, we may simply obtain the wrong answer. This problem
may occur, for example, if onetries to integrate numerically a function which hasa very
thin peak at a particular position, like the integrand of K 2; shown in the bottom right
panel of Figure 2. The numerical integration routine samplesthe function at a number
of points, and then assumeghat the function varies smoothly betweenthesepoints. As
a result, if none of the samplepoints comecloseto the peak, then it will go undetected,
and its cortribution will not be correctly included. Therefore it is very important to
get an idea of the e ective range of the integrand in a preliminary analysis. But, if
such a problem is thought to have arisen, one could bypassthese problems using the
split-t transformations proposedin Genz and Kass (1997) prior to the use of adaptive
numerical integration algorithms.

Kuonen (2001, chap. 5{7) was dewoted to the use of saddlepoint approximations in
order to replacethe computer-intensive bootstrap. The examplesin the latter clearly
illustrated the drawbadks of numerical integration for the computation of the distribution
of studertized bootstrap distributions. They becomeuselessn practice astheir running
time is outperformed by direct simulation of the bootstrap replicates. One may think
that this is due to the use of interpreted languageslike S-Plus or R, but we do not
think that this is the caseas numerical integration in statistics, especially in multi-
dimensional problems still raisesmany open questions. Nevertheless,it was illustrated
in Kuonen (2001, sec. 6.5) that in such complexsituations oneshould not useintegrate
as the computation may then becomevery time-intensive and may lead to inaccurate
approximations. But, a GL rule with 128 points seemsto be a good choice in practice.

Although the integrandsdiscussedn Section6 may not appear similar to integrands
arising in statistics, the comparisonsare nonethelessuseful to statisticians. Further
information on the numerical computation of multiple integrals in statistics may be
found in Evans and Swartz (2000).
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