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Abstract

Multimodal univariate distributions arise in many fields such as astrophysics, bioinfor-
matics, climatology and economics due to the heterogeneity of the underlying populations.
Mixture processes are a popular tool for accurate approximation of such distributions and
implied mode detection. Using Bayesian univariate mixture models and methods, Bayes-
MultiMode estimates posterior probabilities of the number of modes, their locations and
uncertainty, yielding a powerful tool for mode inference. The approach follows Cross,
Hoogerheide, Labonne, and Van Dijk (2024) and works in two stages. First, a flexible
mixture with an unknown number of components is estimated using a Bayesian Markov
chain Monte Carlo (MCMC) method due to Malsiner-Walli, Frithwirth-Schnatter, and
Griin (2016). Second, suitable detection algorithms are employed to estimate modes for
continuous and discrete probability distributions. Given these mode estimates, posterior
probabilities for the number of modes, their locations and uncertainties are constructed.
BayesMultiMode supports a range of mixture processes, complementing and extending
existing software for mixture modeling. The mode detection algorithms implemented in
BayesMultiMode also support MCMC draws for mixture estimation generated with ex-
ternal software. The package uses for illustrative purposes both continuous and discrete
empirical distributions from the four listed fields yielding reliable multiple mode detec-
tion with substantial posterior probability where frequentist tests fail to reject the null
hypothesis of unimodality.

Keywords: multimodality, univariate mixture distributions, Bayesian estimation, sparse finite
mixtures, R.
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2 BayesMultiMode: Bayesian Mode Inference in R

1. Introduction

There exist several computer packages for investigating multimodality in univariate empir-
ical distributions; see, e.g., the R package multimode (Ameijeiras-Alonso, Crujeiras, and
Rodriguez-Casal 2021) which implements Silverman’s test and its extensions (Silverman 1981;
Fischer, Mammen, and Marron 1994) and the dip test (Hartigan and Hartigan 1985; Hartigan
1985). However, these tests are usually not suitable for discrete data despite their widespread
occurrence in areas such as bioinformatics. Furthermore, most methods that test for the ex-
istence of multiple modes do not provide any information about the number of modes, their
locations and uncertainty about these estimates. BayesMultiMode combines state-of-the-art
methods in Bayesian statistics to provide a novel tool for mode inference in both continuous
and discrete univariate empirical distributions. We illustrate that BayesMultiMode is capable
of detecting multiple modes in situations where frequentist methods fail to reject unimodality.

The Bayesian mode inference approach implemented in BayesMultiMode is a two-step proce-
dure introduced in Cross et al. (2024). First, a mixture model is fitted on the data using the
sparse finite mixture (SFM) Markov chain Monte Carlo (MCMC) method due to Malsiner-
Walli et al. (2016). The SFM MCMC algorithm consists of using a deliberately large number
of mixture components and letting a regularization prior, in combination with likelihood
and data information, shrink the effective number of mixture components towards a smaller
number with substantial posterior probability. This method of selecting the number of com-
ponents is particularly appealing because it overcomes well-known problems associated with
using marginal likelihoods for component selection, see Frithwirth-Schnatter (2006), and it
avoids the computational burden of having to estimate infinite mixture models using non-
parametric approaches (Frithwirth-Schnatter and Malsiner-Walli 2019). This approach has
the substantial benefit of capturing the uncertainty attached to the number of mixture com-
ponents inherently present in mixture models.

Once the mixture model is estimated, the second stage consists of detecting the modes.
The fixed-point algorithm of Carreira-Perpinan (2000) is used for Gaussian mixtures whereas
modes in other continuous mixtures are found with the modal expectation-maximization
(MEM) algorithm of Li, Ray, and Lindsay (2007). Finding modes in discrete mixtures is
more straightforward and we follow the recent work of Cross et al. (2024) in that instance.
Given the estimated modes, posterior probabilities are derived for the number of modes,
their locations and associated uncertainty. Thus BayesMultiMode provides a comprehensive
characterization of the uncertainty surrounding mode inference. Communicating uncertainty
effectively contributes to better understanding of science (Van der Bles et al. 2019) and it is
a critical factor in analyzing implied uncertainty properties of forecasting and policy.

Mixture models can be estimated using frequentist or Bayesian methods. When using max-
imum likelihood, the expectation-maximization (EM) algorithm (see Dempster, Laird, and
Rubin 1977) is typically employed because maximizing the likelihood function directly is often
difficult. A Bayesian approach using MCMC offers four substantial advantages compared to
the EM algorithm. First, the EM algorithm finds local solutions and may therefore miss the
global solution. In contrast Bayesian MCMC methods explore the entire parameter space,
reducing the risk of getting stuck at local solutions. Second, computing standard errors us-
ing the EM algorithm is non-trivial, whereas estimation uncertainty is readily available from
MCMC output. Third, while the exact number of mixture components has to be specified
a priori using the EM algorithm, the Bayesian framework allows for an unknown number of
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mixture components. This leads to the fourth important advantage of using MCMC meth-
ods: their ability to easily quantify the uncertainty associated with the estimated number of
components and their locations. BayesMultiMode is the first R package to implement the
SFM MCMC algorithm for estimating mixtures with an unknown number of components
across a comprehensive range of mixture processes for approximating empirical distributions
of continuous as well as discrete data. Specifically, we use the Normal and skew-Normal dis-
tributions for continuous data and Poisson and shifted-Poisson distributions for discrete data.
We emphasize that the mode inference tools provided in the package are also designed to be
compatible with external software implementations of Bayesian MCMC mixture modeling,
e.g., JAGS (Plummer 2003), Stan (Carpenter et al. 2017) and WinBUGS (Lunn, Thomas,
Best, and Spiegelhalter 2000; Spiegelhalter, Thomas, Best, and Lunn 2003). Thus the user
can make use of the mode inference functions implemented in BayesMultiMode even if the
mixture is not estimated with the package.

The next section discusses related software. Section 3 sets out the mixture models and priors
available in BayesMultiMode. Section 4 explains the SFM MCMC and mode detection algo-
rithms. Section 5 provides a brief tutorial on the use of BayesMultiMode. Section 6 illustrates
the package with continuous data distributions from astrophysics and economics and discrete
data distributions from bioinformatics. The results yield reliable multiple mode detection
with substantial posterior probability where frequentist tests fail to reject the null hypothesis
of unimodality. An example describes in a stepwise manner the mode-inference capabilities of
BayesMultiMode when working with an external MCMC output using continuous data from
climatology.

We end with a remark on notation. Formally, we deal with empirical distributions of observed
data (continuous and discrete), probability distributions, probability density functions and
probability mass functions (continuous and discrete) in our models. For convenience, we use
the short terminology of, respectively, data, distributions, densities and mass functions, when
no ambiguity arises.

2. Related software implementations

BayesMultiMode is available from Comprehensive R Archive Network (CRAN) at https:
//CRAN.R-project.org/package=BayesMultiMode. It provides tools for both mixture mod-
eling and mode estimation which yield powerful inferential information. As such BayesMulti-
Mode contributes to three statistical topics: multimodality tests, mixture modeling and mode
estimation. This section discusses how BayesMultiMode compares with other open-source
software implementing similar methods, in particular, R (R Core Team 2026) packages.

2.1. Mixture estimation

A comprehensive overview of the packages available for estimating mixture models in R can
be found in the section on model-based clustering of the Comprehensive R Archive Network
(CRAN) task view “Cluster Analysis & Finite Mixture Models” (Griin 2026). Many of these
packages estimate the model via the EM algorithm; packages for MCMC estimation of mixture
models in R are relatively scarce. Among them, BayesMix (Griin 2023) provides an interface
to finite mixture models coded in JAGS, and BNPmix (Corradin, Canale, and Nipoti 2021)
provides a very fast and flexible implementation of nonparametric Bayesian mixtures. Besides
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R, custom mixtures can also be estimated with MCMC techniques using Stan (for instance
with rstan, Stan Development Team 2025), BUGS (Lunn, Spiegelhalter, Thomas, and Best
2009) and JAGS. Researchers working with Python (Van Rossum et al. 2011) can also use
the popular PyMC package (Abril-Pla et al. 2023). All of these packages can be used in
conjunction with BayesMultiMode. The only requirement for running BayesMultiMode is a
suitably defined MCMC output (details are provided in Section 5.2).

2.2. Mode inference

To the best of our knowledge BayesMultiMode is the first R package that is capable of
mode inference in mixture models using Bayesian methods. For this BayesMultiMode finds
modes in each MCMC draw resulting from estimating a mixture with Bayesian methods;
these are then used to compute posterior probabilities for the number of modes and mode
locations. Specifically, BayesMultiMode implements two efficient algorithms for estimat-
ing modes in mixtures of univariate continuous distributions: the fixed-point algorithm of
Carreira-Perpinan (2000) for Normal mixtures and the MEM algorithm of Li et al. (2007)
for general continuous mixtures. For the case of discrete mixtures we implement a simple
and efficient algorithm proposed in Cross et al. (2024). If point estimates of modes are the
only objects of interest, it is possible to apply these algorithms through BayesMultiMode to
find modes in any given univariate mixtures estimated with external packages like mclust
(Scrucca, Fraley, Murphy, and Raftery 2023) and mixtools (Benaglia, Chauveau, Hunter, and
Young 2009); see Section 5.3.

If a mixture model is not needed to characterize the data, then other packages for mode
inference in R include: ModEstM (Collet 2022) which provides a function to find modes
in univariate distributions using a kernel approach following Eddy (1980); multimode which
implements the mode tree (Minnotte and Scott 1993), mode forest (Minnotte, Marchette, and
Wegman 1998) and SiZer map (Chaudhuri and Marron 1999) for visualizing modes in kernel
density estimates; and modehunt (Rufibach and Walther 2025) implements the multiscale
inference of Diimbgen and Walther (2008) which relies on local order statistics instead of
mixtures or kernel methods. Unlike the Bayesian approach implemented in BayesMultiMode,
these methods yield limited information regarding the uncertainty attached to mode estimates.

Conventional frequentist tests for multimodality (Silverman 1981; Hall and York 2001; Har-
tigan and Hartigan 1985; Cheng and Hall 1998; Fisher and Marron 2001) can all be accessed
with multimode. Unlike these tests, however, BayesMultiMode provides posterior probabili-
ties for the number of modes and mode locations given a family of mixture distributions.

3. Mixture models and priors

We provide a brief introduction to mixture models intended to provide users with sufficient
knowledge to use the package on their own datasets. More general treatments can be found in
the textbooks of McLachlan and Peel (2000) and Frithwirth-Schnatter (2006), among others.

Let y;, © =1, ..., n, denote random variables that can be either discrete valued, i.e., y; € N,
or continuous valued, i.e., y; € R. A mixture of K distributions from the same parametric



Journal of Statistical Software 5

family p(- | 0), continuous or discrete, is given by:
K
yi ~ > mp(- | Or), (1)
k=1

where the mixture component probabilities are constrained such that Zi(:l m, = land m, > 0,
k=1, ..., K, and 0; denotes the parameter vector belonging to the k-th component.

BayesMultiMode estimates the unknown parameters 73 and 8y using Bayesian MCMC meth-
ods. To that end, a symmetric Dirichlet prior is used for the mixture weights:

7y, ~ Dirichlet(eg, ..., ep).

The concentration parameter eg has traditionally been viewed as a hyperparameter that is se-
lected by the researcher. In a recent article, Malsiner-Walli et al. (2016) show that estimating
this parameter allows for simple and efficient inference on the number of mixture components.
They recommend to overfit the mixture distribution by selecting a large value of K, and spec-
ifying a regularization prior on ey to shrink the effective number of mixture components to
a smaller number with large posterior probability. This is accomplished through a Gamma
hyperprior on the concentration parameter ey of the form

e ~ Gamma (ag, Ag),

in which the hyperparameters control the unconditional moments of ey, e.g., the uncondi-

tional mean is Z—% and the unconditional variance is %. A theoretical justification for this
0

approach stems from asymptotic results in Rousseau and Mengersen (2011), and a compari-
son of the approach with the popular Dirichlet process prior is given by Frithwirth-Schnatter
and Malsiner-Walli (2019). Following Frithwirth-Schnatter and Malsiner-Walli (2019, p. 48)
default values of the hyperparameters are selected to be ag = 1, Ay = 200.

BayesMultiMode supports four parametric mixture distributions: Normal and skew-Normal
continuous mixtures, Poisson and shifted-Poisson discrete mixtures. We briefly cover each of
these in turn.

Normal model A component of a mixture of Normal densities takes the form:

1 1y — 2
p(yi|,uk7 Uk)_mexp —5 o )

where py, is a location parameter and O']% a scale parameter. We use independent conjugate
priors for p and o7 (see for instance Malsiner-Walli et al. 2016; Richardson and Green 1997):

pr ~ Normal(bg, Bg),
;2 ~ Gamma(co, Co),
Co ~ Gamma(g, Go).

The default values are set to be by = mean(y), By = range(y)?, where range(y) = max(y) —
min(y), co = 2.5, go = 0.5, and Go = 100g,/co/range(y)?. These values are common in
applications based on Normal mixtures, e.g., Frithwirth-Schnatter (2006, p. 192) and Malsiner-

Walli et al. (2016, Equation 5).
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Skew-Normal model We use the skew-Normal density of Azzalini (1985), see also Azzalini
(2013), which takes the form:

o (3 (55)) (ol (552)) @

where £ is a location parameter, wy a scale parameter, oy the shape parameter introducing
skewness and erf the Gauss error function. To estimate the model we follow Frithwirth-
Schnatter and Pyne (2010) and use the following reparameterized random-effects model:

(i | &k, wi, ) =

2 ~ TNjg o) (0, 1), 3)
yi | (Si=k) =& +pzi +e, €~ N(0,0}),

where S; indicates from which component the observation i stems and where the parameters
of the skew-Normal density in Equation 2 are recovered as

_ W

2 92, 2
Wi = 0j + Vg
ok

g

By defining a vector of regressors z; = (1, z;)’ with the representation 3, the skew-Normal
mixture can be seen as a random-effects model with Normal errors. Its parameters can
be sampled from their posterior using standard techniques for Normal mixtures as outlined
above. Therefore we specify similar priors for the Normal mixture model:

(gk‘a wk), ~ NOI'Hlal(bo, B0)7
ak_2 ~ Gamma(cg, Cyp),
Co ~ Gamma(gg, Go).

We follow Frithwirth-Schnatter and Pyne (2010) for by and set bg = (mean(y), 0)’, but choose

By = diag(D¢, Dy) where D¢ and Dy, are set to 1 instead of 0.1. We find that a less informative
prior works better in practice.

Poisson model A component of a mixture of Poisson mass functions takes the form:

(2

s | ) = 5 A exp(=),
where
A ~ Gamma(lp, Lo).
Following Viallefont, Richardson, and Green (2002), the default shape parameter lj is selected
to be just above 1 so as to avoid the exponential shape of the Gamma density while preserving

a reasonable amount of variation, whereas the scale parameter Lj is set such that the prior
mean is equal to the arithmetic mean of the observed data (E[Ax] = lpLo = mean(y)).



Journal of Statistical Software

Para- Mixture Description Default
meter
ag All Shape parameter of the Gamma hyperprior 1
applied to the concentration parameter e
of the Dirichlet prior.
Ay All Scale parameter of the Gamma hyperprior 200
applied to the concentration parameter eg
of the Dirichlet prior.
bo Normal Mean parameter of the Normal prior median(data)
Skew-Normal  applied to the mean parameters . (median(data), 0)’
Bo Normal Variance parameter of the Normal prior range(y)?
applied to the mean parameters .
D¢, Dy skew-Normal Bo = diag(D¢, Dy). 1,1
Co Normal Shape parameter of the inverse Gamma 2.5
Skew-Normal prior applied to the variance parameters az. 2.5
Co Normal Scale parameter of the inverse Gamma Gamma
Skew-Normal prior applied to the variance parameters 0'13. hyperprior
0 Normal Shape parameter of the Gamma hyperprior 0.5
Skew-Normal applied to Cg.
Go Normal Scale parameter of the Gamma hyperprior IOOCOrangW
Skew-Normal applied to Cy. W&R(y)
lg Poisson Shape parameter of the Gamma prior 1.1
Shifted-Poisson applied to Ag. )
Lo Poisson Scale parameter of the Gamma prior medli%aln(y)
Shifted-Poisson applied to Ag. 1-1
Table 1: Summary of the prior parameters implemented in BayesMultiMode.

Shifted-Poisson model The shifted-Poisson mass function augments the standard Poisson
with a shift (or location) parameter such that:

)\’(Cyifﬁk)!

p(Yi | Aks kg) = ( ! exp(—Ap).

Yi — fik)!

As discussed in Cross et al. (2024), there are two key advantages offered by the shifted-Poisson
over the regular Poisson. First, it is useful for non-zero count data. Second, the variance of a
shifted-Poisson component can be different from its mean which brings additional flexibility to
the model. Following Cross et al. (2024), we specify a non-informative discrete uniform prior
for the shift parameter kg, i.e., U(0, max(y)), where a different large value (not depending
on the data y) could also be used instead of max(y).

A summary of the default priors set in BayesMultiMode is provided in Table 1.
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4. Algorithms

This section discusses the algorithms for mixture estimation and mode detection implemented
in BayesMultiMode.

4.1. SFM MCMC

Numerous MCMC methods exist for the estimation of the model parameters and number of
components of a mixture process. To the best of our knowledge, there does not exist a theorem
that shows which MCMC method is uniformly superior in terms of computational efficiency
and robustness for the simulation from posterior distributions of mixture processes. That
is, model specification, prior information and data information content play an important
role in choosing which MCMC method is most suitable in a certain case. BayesMultiMode
implements the sparse finite mixture MCMC (SEFM MCMC) algorithm; see Malsiner-Walli
et al. (2016) and Frithwirth-Schnatter and Malsiner-Walli (2019). A major advantage of this
procedure is its simplicity and ease of implementation. It consists of initially overfitting the
mixture model by selecting a larger number of components than is expected to describe the
data and then using a sparse hierarchical prior on the mixture weights to shrink the model
space to a smaller number of components with substantial posterior probability. The authors
show that the SFM approach is more reliable than Dirichlet process mixtures (DPM) which
are known to overfit the number of components (Miller and Harrison 2013) and that the SFM
approach is conceptually simpler and substantially easier to implement than the Reversible
Jump MCMC (see Green 1995; Richardson and Green 1997). For background we refer to
Malsiner-Walli et al. (2016) and Frithwirth-Schnatter and Malsiner-Walli (2019).

Label-switching It is notoriously difficult to identify individual components when fitting
mixtures with MCMC methods; a problem referred to as label-switching. Label-switching
occurs when the likelihood is invariant to permutation of the mixture components, which is
often the case when the data are not very informative. This is, however, not an issue for
mode inference. Estimation of the modes only requires estimates of the mixture distribution
at each MCMC draw, regardless of the components’ order. Therefore, while label-switching
can be a feature of the MCMC results derived with BayesMultiMode, this should not concern
the user for the case of mode detection.

4.2. Mode estimation

Given Equation 1, the density or mass function consisting of a mixture of K densities or mass
functions from the same parametric family p(- | 0%) is given by:

K
yi ~ > mep(- | Ok). (4)
k=1

We want to find the local maxima of p(y; | 6), with § = (61, ..., 0;)’. To that end, we
implement two algorithms for detecting modes for a mixture of densities and one algorithm
for a mixture of mass functions. The reason for using two algorithms for detecting modes for
continuous mixtures is that efficient algorithms exist for the case of Normal mixtures that are
not easily transferable to cases of non-Normality.
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Fixed-point algorithm for Normal mixtures For a mixture of Normal densities the
following algorithm from Carreira-Perpinan (2000, Section 4) is used. A mode y is found by
iterating the two steps:

. oy TPy | Or)
© plk|y™) = ==
@)yt =y,

where

p(y) =>_ mp(y | Or),
k

1
fly) = <Zp(k | y)ffﬁ) > ok | y)oy,
k k

until numerical convergence to the fixed point of f(-), which is defined by |yt — ()| <
toleonv, where toleony is an argument with default value le — 8. Following Carreira-Perpinan
(2000) we start the algorithm multiple times, once at each component’s location. Separately,
it is necessary to identify identical modes which diverge only up to a small value. By default
BayesMultiMode will merge modes which are closer than sd(y)/10; this tolerance value can
be controlled with the argument tol_x.

The MEM algorithm For continuous mixtures other than the Normal, the following al-
gorithm from Li et al. (2007) is used. The MEM algorithm consists of iterating the two
steps:

; myy _ ("™ | Or)
(&) p(k[y™) o™

(i)  y"t) = arg max > p(k | y™)logp(y | Or),
k

until convergence, that is, until |y("+1)—y(”)| < toleonyv. The maximization is carried out with a

limited-memory BFGS algorithm (specifically the L-BFGS-B method with the optim() func-
tion in R). Iterating these two steps is typically more reliable than maximizing the likelihood
implied by Equation 4, or its logarithm, directly. Like with the fixed-point algorithm, the
convergence tolerance is set to 1le — 8 and the MEM algorithm is repeatedly started at each
component’s location.

Components with small but nevertheless positive mixture proportions can generate spurious
modes outside of the range of the data. These modes are excluded by default (see argu-
ment inside_range in bayes_mode (), which is set to TRUE by default, with argument range
defaulting to the observed data range).

The argument tol_mixp in the function bayes_mode() also let the user control this fea-
ture. Components with a mixture proportion below tol_mixp are discarded when estimating
modes. Note that this does not apply to the biggest component so that it is not possible to
discard all components.
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Mode detection in discrete mixtures Detecting modes in discrete mixtures is easier
than in continuous mixtures. Here we follow Cross et al. (2024) and implement the following
simple and efficient method. By definition, interior modes must satisfy either:

1. f(ym_1)<f(ym)>f(ym+1)§ or
2. flym = 1) < flym) = flym + 1) = ... = f(ym +1—1) > f(ym +1).

Case 1 is a unique mode which is clearly identified. Case 2 is a flat mode in which [ consecutive
values of the posterior predictive probability mass function are of equal value. We count this
as a single mode but store each location. It is possible to get a mode at the boundary y,, = 0
which must satisfy f(0) > f(1) or f(0) = f(1) = ... = f(I—1) > f(I). From a practical

perspective, this amounts to a simple five-step procedure:

1. Compute the posterior mixture at a given draw of parameters;
2. Evaluate the posterior mass function at each (discrete) observation;
3. Take the first difference of the resulting series;

4. Find where non-negative values precede negative values, these are the modes’ probability
mass estimates;

5. Extract the locations of these modes.

4.3. Mode inference

Each draw from the MCMC output after burnin, 69, d = 1, ..., D, leads to a posterior
predictive density /mass function:

p(y | 6 ZW py | 0.

Using this function, the modes in draw d, y%), m=1, ..., M@ where M@ is the number
of modes in draw d, are estimated using the algorithms mentioned above.

After running this procedure across all retained posterior draws, we compute the posterior
probability for the number of modes being M as:

D
P(#modes = M) = % Z l(M(d) = M).
d=1

Similarly, posterior probabilities for mode locations are:

D M@

P(y = mode) Z Z 1(y

dlml

for each location in the range [min(y), max(y)]. As an example, if y = 0 is a mode at each
draw i.e., 1(y = yﬁ,ﬁl)), d=1, ..., D, then P(0 = mode) = 1. Alternatively, if y = 1 is detected
as a mode at 75% of draws, then P(1 = mode) = 0.75.
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Computing this posterior probability over the range [min(y), max(y)] yields a full character-
ization of the uncertainty attached to mode locations. Obviously, empirical distributions of
continuous variables are not defined on a discrete support; it is therefore necessary to choose a
rounding decimal to discretize their support. The computation of the posterior probabilities
of mode locations requires a discrete range (or equivalently a width of intervals/bins). A
rounding decimal to discretize their support can be chosen by the user in BayesMultiMode.

Hence each location point is given a posterior probability of being a mode. Note, however,
that the package does not provide final point estimates for mode locations from these proba-
bilities, as these are not straightforward to extract. In some applications, researchers might
be interested in obtaining estimates of the modal locations conditioning on a fixed number
of modes. While this is certainly meaningful and useful in practice, it would require a more
sophisticated method than we have here. We therefore leave this as a potential avenue for a
future extension of the package.

5. Using BayesMultiMode

Table 2 provides a summary of the functions and classes of the package. BayesMultiMode
provides a self-contained tool for exploring modal features by first fitting a Bayesian mixture
model with bayes_fit() and subsequently carrying out mode inference with bayes_mode ().
The choice of available distributions in the package, which can be either continuous or dis-
crete, and the implementation of an SFM MCMC algorithm for estimating the number of
mixture components makes BayesMultiMode a competitive tool for estimating mixture dis-
tributions. However, given that Bayesian methods for fitting mixtures are diverse and evolving
rapidly, users might prefer an alternative MCMC approach. Therefore, BayesMultiMode is
deliberately designed to be compatible with MCMC outputs generated using external soft-
ware. Users can convert external MCMC output into an object of class bayes_mixture
with bayes_mixture(), and use it for mode inference with bayes_mode(). Under the hood
bayes_mode () estimates modes in each MCMC draw using mix_mode (); the latter function
can also be used on any estimated mixture which has been first converted into an object of
class mixture using mixture().

Function Description

bayes_fit() Estimates a mixture distribution using SFM MCMC methods; returns
an object of class bayes_mixture.

bayes_mixture() Takes external MCMC results and returns an object of class
bayes_mixture.

bayes_trace() Trace plots of MCMC draws using package bayesplot (Gabry and Mahr
2025).

bayes_mode () Takes an object of class bayes_mixture and returns an object of class
bayes_mode containing posterior probabilities for the number of modes
and mode locations.

mixture () Creates an object of class mixture.
mix_mode() Estimates modes in mixture objects; returns an object of class
mix_mode.

Table 2: Overview of functions and classes available in BayesMultiMode.
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Note that all classes (bayes_mixture, bayes_mode, mixture and mix_mode) have methods
for print (), summary() and plot() functions. The print() methods return a snapshot of
the elements contained in the objects; the console is thus not overloaded with potentially long
vectors and matrices.

5.1. Bayesian mixture estimation and Bayesian mode inference

The typical workflow using BayesMultiMode is:

1. Estimate the mixture model with bayes_fit (), which returns an object of class
bayes_mixture. The arguments are:

(a) data: a vector of observations to investigate;

(b) dist: the family of the mixture, i.e., "normal", "skew_normal", "poisson" or
"shifted_poisson";

(c
(d
(e
(f

2. Visualize the mixture alongside the data with plot ().

K: the maximum number of components;

priors: (optional) the priors, specified as a list with 1ist();
nb_iter: the number of MCMC draws;

burnin: the number of draws used as burnin.

)
)
)
)

3. Conduct mode inference with bayes_mode (), which yields an object of class bayes_mode.

4. Visualize, inspect and summarize the results with plot (), print (), summary().

5.2. Bayesian mode inference with external MCMC output

Alternatively, if the user prefers carrying out MCMC estimation with an external software, the
first step presented in Section 5.1 is skipped. Instead, the user needs to convert the external
MCMC results into an object of class bayes_mixture using the constructor bayes_mixture ()
where the arguments are:

1. memc: MCMC output matrix with variables as columns (e.g., etal, eta2, ..., mul,
mu?2, etc.) and MCMC draws as rows; the variable for mixture proportion should always
be named eta.

2. data: data used for estimation.
3. burnin: (optional) the number of MCMC draws to be discarded as burnin.

4. dist: the name of the components’ distribution, i.e., "normal", "skew_normal",
"poisson" or "shifted_poisson"; only if the form of the density/mass function is
the one used by bayes_fit (), see the documentation of bayes_fit ().

5. pdf_func: the density or mass function of the components if dist is not supported.
It should take an observation as first argument and named vector as second argu-
ment, with the names corresponding to the parameters of the function, e.g., pdf _func
<- function(x, pars) dnorm(x, pars["mu"], pars["sigma"]). The names should
match the variables in mcmc.
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. loc: location parameter of the mixture component if pdf_func is used and the distri-
bution is continuous, e.g., "mu"; argument used to initialize the MEM algorithm.

. dist_type: the type of distribution, either continuous or discrete, if pdf _func is used
instead of dist.

. vars_to_keep: (optional) names of the variables to keep in memc, e.g., "theta", "mu",
“SigIna.“.

. vars_to_rename: (optional) use for renaming variables/parameters in mcme, e.g., re-
naming "theta" can be done with vars_to_rename = c("eta" = "theta").

Steps 2, 3 and 4 discussed above remain unchanged.

5.3. Mode estimation in any given univariate mixture

If the only objects of interest are the point estimates of the modes, BayesMultiMode can be
used to estimate modes in univariate mixtures estimated with any given method (such as
MCMC or EM algorithms) or package (such as mclust or mixtools). The workflow to use
BayesMultiMode for estimating modes in a univariate mixture which has been estimated in
a first step is the following:

1. Create an object of class mixture with mixture() where the arguments are:

(a) pars: named vector of the mixture’s parameter estimates, e.g., c("etal" = 0.2,
"eta2" = 0.8, "mul" = 0, ...);the variable for mixture proportion should al-
ways be named eta.

(b) dist: the name of the components’ distribution, i.e., "normal", "skew_normal",
"poisson" or "shifted_poisson"; only if the form of the density/mass function
is the one used by bayes_£fit (), see the documentation of bayes_£fit ().

(c) pdf_func: the density or mass function of the components if dist is not sup-
ported. It should take an observation as first argument and named vector as
second argument, with the names corresponding to the parameters of the function,
e.g.,pdf_func <- function(x, pars) dnorm(x, pars["mu"], pars["sigma"]l).
The names should match the variables in pars.

(d) dist_type: the type of distribution, either continuous or discrete, if pdf_func is
used instead of dist.

(e) range: limits of the range where the function should be evaluated.

(f) loc: location parameter of the mixture component if pdf_func is used and the
distribution is continuous, e.g., "mu"; argument used to initialize the MEM algo-
rithm.

2. Estimate with modes mix_mode() where the main argument is the mixture object

derived in step 1.

3. Visualize, inspect and summarize the results with plot (), print (), summary ().
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Given that the methods and main functions of BayesMultiMode have been described, we now
illustrate its use.

6. Case studies

To facilitate the illustration and use of the capabilities of BayesMultiMode, we have in-
cluded the galaxy data used in Richardson and Green (1997), downloaded from https:
//people.maths.bris.ac.uk/~mapjg/mixdata, in the package. This is a widely used em-
pirical distribution for illustrating the estimation of continuous mixtures and mode inference.
Next, we make use of data discussing the potential convergence in per capita income across
economies, see, e.g., Bianchi (1997), Henderson, Parmeter, and Russell (2008) and Paapaa
and Van Dijk (1998). For this application we make use of the average gross domestic prod-
uct (GDP) per capita over 10-year intervals, collected from 170 countries, in the Penn World
Tables (Feenstra, Inklaar, and Timmer 2015). We also included a dataset on cyclone lifetime
maximum intensity. The galaxy and cyclone data are lazy-loaded and can be retrieved with
galaxy and cyclone.

Finally, we included a discrete deoxyribonucleic acid (DNA) dataset to show the benefit of
analyzing discrete empirical distributions with BayesMultiMode. These data are obtained
from 270 unrelated human DNA samples from Asian, African and Caucasian origin; see
Schaap et al. (2013). It is of substantial interest to analyze the number and location of modes
in the data, since differences in these values may be linked to genetic diseases. Like for the
continuous data, the DNA data are lazy-loaded and can be retrieved with d4z4 and ct47.

6.1. Galaxy data

We use the galaxy data to illustrate the use of the package with continuous data. These
data, introduced in Roeder (1990), show the velocity at which 82 galaxies in the Corona
Borealis region are moving away from our galaxy. The data are commonly scaled by 1000
and have been analyzed extensively to illustrate mixture methods, see for instance Roeder
(1990), Roeder and Wasserman (1997), Richardson and Green (1997) and more recently Griin,
Malsiner-Walli, and Frithwirth-Schnatter (2022). Studies analyzing these data typically find
evidence about at least three modes (Roeder 1990; Roeder and Wasserman 1997; Richardson
and Green 1997; Griin et al. 2022).

R> library("BayesMultiMode")
R> y <- galaxy

First, we analyze the data using the frequentist tests for unimodality from Silverman (1981)
(SI), Hall and York (2001) (HY), Fisher and Marron (2001) (FM), Hartigan and Hartigan
(1985) (HH or dip test) and Cheng and Hall (1998) (CH). They can all be accessed with the
R package multimode. The authors of multimode have also introduced a new test (ACR)
(see Ameijeiras-Alonso, Crujeiras, and Rodriguez-Casal 2019) which is the default method in
their package. We perform all these tests together and show their p values:

R> set.seed(123)
R> library("multimode")
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R> tests_mode <- function(y) {

+ tests <- c(modetest(y, method = "SI")$p.value,
+ modetest (y, method = "HY")$p.value,

+ modetest (y, method = "FM")$p.value,

+ modetest (y, method = "HH")$p.value,

+ modetest (y, method = "CH")$p.value,
+

+

+

+

modetest (y, method = "ACR")$p.value)
names (tests) <- c("SI", "HY", "FM", "HH", "CH", "ACR")
return(tests)
}
R> tests_mode(y)

SI HY FM HH CH ACR
0.208 0.012 0.000 0.696 0.262 0.188

The null hypothesis in all these tests is unimodality and the alternative hypothesis is at least
two modes. The only tests rejecting unimodality at a 95% confidence level are the HY and
FM tests, the other four tests fail to detect multimodality. This goes against the consensus
view that these data include at least three modes; see Griin et al. (2022). We obtain similar
results with other packages, such as diptest (Maechler and Dario Ringach 2025).

Next we analyze the galaxy data with BayesMultiMode. The first step consists of fitting a
mixture; here we choose Normal components, which is a common choice for these data (Griin
et al. 2022). We choose a maximum number of 10 components and run 2000 draws with half
of them used as burnin.

R> mix_mcmc <- bayes_fit(data = y, K = 10, dist = "normal",
+ nb_iter = 2000, burnin = 1000, print = FALSE)
R> plot(mix_mcmc, draws = 100, alpha = 0.2)

The function bayes_fit() generates an object of class bayes_mixture which can be visu-
alized with plot (). Figure 1 shows the estimated density for 100 draws alongside the data.
We observe estimates of three modes, one on each extremity and one in the center. The mcme
element of the bayes_mixture object can be used as input to most functions in bayesplot if
diagnostic plots are required.

Now that the mixture model has been estimated, we use the MCMC output for mode inference:
R> mode_mcmc <- bayes_mode (mix_mcmc)

The function bayes_mode () returns an object of class bayes_mode which can be visualized
using plot () and summarized with summary(). Here the fixed-point algorithm of Carreira-
Perpinan (2000) is used for mode detection because we have estimated a Gaussian mixture.
A summary of the results yields:

R> summary (mode_mcmc)

The posterior probability of multimodality is 0.993
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Figure 1: Empirical distribution of galaxy data and mixture estimate.

The most likely number of modes is 3

Inference results on the number of modes:
p_nb_modes (matrix, dim 4x2):
number of modes posterior probability

[1,] 1 0.007
[2,1] 2 0.137
[3,] 3 0.845
[4,] 4 0.011

Inference results on mode locations:
p_loc (matrix, dim 252x2):
mode location posterior probability

[1,] 9.2 0.032
[2,] 9.3 0.000
[3,] 9.4 0.000
[4,] 9.5 0.094
[5,] 9.6 0.094
[6,1] 9.7 0.131

(246 more rows)

The visualization of the results is shown in Figure 2 with:
R> plot(mode_mcmc, draws = 100, alpha = 0.2)

The results are clearly in favor of multimodality, with three modes being the number of modes
with the highest posterior probability. Next we investigate the location of the modes with
the third panel of Figure 2.
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Figure 2: Posterior probabilities for the number of modes and their locations using the galaxy
data.

BayesMultiMode provides a full characterization of the uncertainty attached to mode lo-
cations. We observe, for instance, that the location of the right mode is subject to more
uncertainty than the other two modes.

Note that, when working with continuous data, it is necessary to choose a rounding precision
to compute the posterior probabilities of mode locations (or equivalently to choose a width of
the intervals/bins when displaying histograms of draws or graphs of the estimated probabilities
of mode locations). The default in BayesMultiMode is to round the location axis at the first
decimal. Figure 3, produced by the following code, compares the implications of using different
rounding precision. Here we make use of the graphs argument of the plot() function which
allows to select a subset of the three graphs plotted by default. We use ggplot2 (Wickham
2016) to add features to the plots generated by the plot() method from BayesMultiMode
(which also makes use of ggplot2). Combining individual plots can be done with the ggpubr
(Kassambara 2025) package.

R> library("ggpubr")

R> library("ggplot2")

R> mode_mcmc_a <- bayes_mode (mix_mcmc, rd = 1)

R> mode_mcmc_b <- bayes_mode (mix_mcmc, rd = 0)

R> plot_a <- plot(mode_mcmc_a, graphs = "loc") +

+ ggtitle("Rounding at the first decimal")

R> plot_b <- plot(mode_mcmc_b, graphs = "loc") +

+ ggtitle("Rounding at the unit level")

R> ggarrange(plot_a, plot_b, ncol = 1, nrow = 2, widths = c(0.5, 0.5))

It is possible to investigate graphically the estimated modes using the argument draw of the
plot () method of bayes_mode. For example, the following code results in Figure 4, which
shows the estimated mixture in the first MCMC draw together with the estimated modes
shown as vertical bars.

R> par(mar = c(2, 2, 2, 2))
R> mode_mcmc <- plot(mode_mcmc, draw = 1)
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Figure 3: Illustration of mode inference for the galaxy data using different rounding precision.
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Figure 4: Estimated mixture (curve) and modes (vertical bars) from one draw of the MCMC
algorithm for the galaxy data.

Choosing different priors than the default priors can affect MCMC estimation and can thus
also affect the estimates of the modes. The choice of priors can be seen as similar to choosing
the bandwidth parameter in kernel estimation; the estimation technique used in nonparamet-
ric tests. But unlike bandwidth parameters, we can rely on extensive research for specifying
priors. In the case of the galaxy data, Griin et al. (2022) provide a comprehensive discussion
on the effect that prior specifications have on the final mixture estimates.
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6.2. International economic growth data

There exists a rich literature in economics discussing the potential convergence in per capita
income across economies. Mode analysis is a useful tool to tackle this highly debated topic.
The data used here are the average GDP per capita over 10-year intervals, collected from
170 countries, in the Penn World Tables. These empirical distributions are made available
in R through the package pwt10 (Zeileis 2023). We apply a mixture of Normal densities to
approximate the data and to estimate the number of modes over time.! The results are then
plotted to produce Figures 5 and 6.

R> library("pwt10")
R> library("dplyr")
R> estimation_growth <- function(start, end) {

+ y <- pwt10.0 7>

+ select(year, country, rgdpe, pop) 7>/

+ filter(year J/inj, rep(start:end, 1)) />

+ group_by (country) %>}

+ summarize (rgdpe = as.numeric(mean(rgdpe / pop, na.rm = T)
+ / 1000)) 7>%

+ na.omit () 7>

+ select (rgdpe) 4>}

+ unlist()

+ y <- sort(y, decreasing = T)

+ y <= y[-c(1:5)]

+ mix <- bayes_fit(y, dist = "normal", K = 10, print = F)
+ plot_mix <- plot(mix, draws = 100, alpha = 0.1) +

+ ylab(NULL) +

+ ggtitle(pasteO(start, "'s"))

+ modes <- bayes_mode (mix, rd = 0)

+ tests <- tests_mode(y)

+ return(list(mix = mix, plot_mix = plot_mix, modes = modes,
+ tests = tests))

+ }

R> res_60s <- estimation_growth(1960, 1969)

R> res_70s <- estimation_growth(1970, 1979)

R> res_80s <- estimation_growth(1980, 1989)

R> res_90s <- estimation_growth(1990, 1999)

R> res_00s <- estimation_growth(2000, 2009)

R> res_10s <- estimation_growth(2010, 2019)

The posterior probability of multimodality and the p values of conventional tests are shown
in Table 3. The posterior probabilities of each number of modes are shown in Table 4. The
support of the data is continuous but the computation of the posterior probabilities of mode
locations in Figure 6 requires a discrete range; for this reason we have rounded the support
to unity levels. Our results suggest that the density of income per capita across countries

!The five largest economies in terms of per capita income (usually Middle East economies and tax haven
islands) are excluded because they are large outliers.
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Figure 5: Estimated densities at 1000 MCMC iterations and empirical distributions of average
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1960's

0.34 —

0.1+

0.0+~ . . — T T

5 10 15

1970's

0.20+

0.154

0.10+

0.05+

0.00- ! l

20 30

1980's

40
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has been multimodal since the 1960s.

convergence of GDP per capita.

60

There is strong evidence in favor of three modes,
with the left-side mode being the most concentrated; there is greater uncertainty regarding
the locations of the other two modes. The uncertainty attached to the mode locations has
increased over time while the modes have gradually diverged. We therefore conclude that
the dynamic behavior of the number of modes and their locations over time do not indicate
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Figure 6: Posterior probabilities attached to mode locations using the Penn World Tables
data.

SI HY FM HH CH ACR BayesMultiMode

1960s 0.55 0.28 0.00 0.94 0.65 043 0.02
1970s 0.52 0.16 0.00 0.99 0.83 0.69 0.01
1980s 0.41 0.11 0.00 0.98 0.77 0.63 0.01
1990s 0.08 0.00 0.00 0.52 0.09 0.03 0.00
2000s 0.17 0.01 0.00 0.93 0.51 0.44 0.00
2010s 0.68 0.35 0.06 0.29 0.01 0.01 0.00

Table 3: Columns 1-6 show the p values from conventional tests of multimodality for the
Penn World Tables data, with null hypothesis of unimodality and alternative hypothesis of
at least two modes. The Tth column shows the posterior probabilities of unimodality from
BayesMultiMode.
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1 2 3 4 )

1960s 0.02 0.28 0.70 0.01 0.00
1970s 0.01 0.17 0.69 0.13 0.00
1980s 0.01 0.23 0.73 0.03 0.00
1990s 0.00 0.10 0.87 0.03 0.00
2000s 0.00 0.04 0.93 0.04 0.00
2010s 0.00 0.04 0.74 0.21 0.00

Table 4: Posterior probabilities attached to the number of modes for the Penn World Tables
data.

6.3. DNA count data

Count data are a specific type of discrete empirical distributions that are collections of non-
negative integers representing the number of times a discrete event is observed. They are
prevalent in many areas of bioinformatics. Examples of such data are counts of macrosatellite
repeats (MSRs), hospital admissions, and rates of cardiac arrest. Despite the widespread
occurrence, there is no unified framework for detecting multimodality in discrete data; Bayes-
MultiMode fills an important gap in that respect.

Here we use macrosatellite repeats (MSRs) copy number variation in worldwide populations
as examined by Schaap et al. (2013), among others; see, e.g., Giacalone, Friedes, and Francke
(1992) and Jones et al. (2015). MSRs typically span hundreds of kilobases of genomic DNA
and have a highly polymorphic nature that has been linked to the detection of genetic disease
(see, e.g., Van Overveld et al. 2003; Bruce et al. 2009; Balog et al. 2012; Mitsuhashi, Nakagawa,
Takahashi Ueda, Imanishi, Frith, and Mitsuhashi 2017). Reliable statistical approaches for
testing unimodal against multimodal size distributions in MSRs are consequently of great
practical importance.

We analyze two datasets with different modal features. One dataset (sequence d4z4) exhibits a
clear sign of multimodality while the other (sequence ct47) does not. Testing for multimodality
using the frequentist tests specified above yields:

R> table_tests <- rbind(tests_mode(d4z4), tests_mode(ct47))
R> row.names (table_tests) <- c("d4z4", "ct47")
R> table_tests

SI HY FM HH CH ACR
d4z4 0.626 0.388 0.190 0.998 0.612 0.470
ct47 0.738 0.536 0.068 0.238 0.294 0.748

While sequence d4z4 is likely to be multimodal, none of the tests rejects the null hypothesis of
unimodality, and this by a comfortable margin. Regarding sequence ct47, the FM test rejects
the null hypothesis of unimodality with a 90% confidence level, whereas we expect these data
to have a unimodal distribution. Thus the frequentist tests provide conflicting results which
are at odds with our results as well as with previous studies using these data (see Schaap et al.
2013). They fail to spot evident multimodality while falsely rejecting unimodality in data
likely to be unimodal. Frequentist tests are apparently unreliable when applied to count data,
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Figure 7: Two DNA empirical distributions and their mixture estimates.
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of which DNA data are a typical example, partially because these tests assume continuous
underlying data.

We now use BayesMultiMode to analyze the DNA sequences. First, we estimate a mixture
of shifted-Poisson distributions. We use 2000 draws and discard half of those as burnin. We
use the default priors of the package.

R> mcmc_d4z4 <- bayes_fit(data = d4z4, K = 20, dist = "shifted_poisson”,
+ nb_iter = 2000, burnin = 1000, print = FALSE)
R> mcmc_ct47 <- bayes_fit(data = ct47, K = 10, dist
+ nb_iter = 2000, burnin = 1000, print = FALSE)

"shifted_poisson",

The following code results in Figure 7, which shows the estimated mass functions for 100 draws
together with the data for both sequences. Visually, we notice that the MCMC estimation
yields a mass function with about four modes for the d4z4 sequence and a unique mode for
the ct47 sequence.

R> pl1 <- plot(mcmc_d4z4, draws = 100, alpha = 0.2) +
+ ggtitle("d4z4")
R> p2 <- plot(mcmc_ct47, draws = 100, alpha = 0.2) +

+ ggtitle("ct47")
R> ggarrange(pl, p2, ncol = 2, nrow = 1, widths = c(0.5, 0.5))

We can formally investigate the modes in the estimated probability mass functions with the
BayesMultiMode’s bayes_mode () function; with the following code, the graphical outputs
are shown in Figure 8. Posterior probabilities for the number of modes favor four modes for
the d4z4 sequence and one mode (with posterior probability of one) for ct47 sequence.

R> p1 <- plot(bayes_mode (mcmc_d4z4)) +
+ ggtitle("d4z4") +

+ theme (plot.title = element_text(size = 14, face = "bold", hjust = 0.5))
R> p2 <- plot(bayes_mode (mcmc_ct47)) +

+ ggtitle("ct47") +

+ theme (plot.title = element_text(size = 14, face = "bold", hjust = 0.5))

R> ggarrange(pl, p2, ncol = 1, nrow = 2, widths = ¢(0.5, 0.5))
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Figure 8: Posterior probabilities of the number of modes and their locations using the DNA
count data d4z4 and ct47.

The shifted-Poisson, however, fails to locate the mode of the ct47 data distribution at 7, the
point with the highest frequency; instead it finds a mode at 6. The Poisson and an ad hoc
implementation of the negative binomial distributions also fail to find a mode at 7. This result
allows us to highlight an important limitation of Bayesian mode inference stemming from its
parametric nature: it assumes that the chosen distribution is an appropriate representation of
the true underlying data distribution. Note also that this set of data appears to be particularly
challenging, as even nonparametric methods like the multimode: :modeforest () mislocate
the mode.

6.4. BayesMultiMode with external MCMC output using cyclone data

To illustrate how the package can be used in conjunction with external software, we make use
of the package BNPmix. The latter provides nonparametric Bayesian methods for estimating
mixtures. It is notably very fast because it is partly written in C++ (Stroustrup 2013), which
makes it useful for analyzing large datasets. MCMC draws generated with BNPmix may differ
slightly across CPU architectures and compiler settings due to platform-specific floating-point
arithmetic, which can lead to minor differences in posterior densities. Results shown here were
produced with BNPmix version 1.1.0 and R 4.5.2 on aarch64-apple-darwin25.0.0.

In this section we analyze data on tropical cyclone intensity, an ongoing subject of interest in
climate studies (Lee, Tippett, Sobel, and Camargo 2016; Kossin, Olander, and Knapp 2013;
Manganello et al. 2012; Lee et al. 2016; Elsner, Kossin, and Jagger 2008; Webster, Holland,
Curry, and Chang 2005; Song, Klotzbach, and Duan 2021). Data on tropical cyclones are
made available at the International Best Track Archive for Climate Stewardship (IBTrACS)
(Knapp, Kruk, Levinson, Diamond, and Neumann 2010; Gahtan, Knapp, Schreck, Diamond,
Kossin, and Kruk 2018). Intensity is typically measured as the lifetime maximum intensity
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(LMI), which we derive as the maximum wind speed of each cyclone. The dataset cyclone
in BayesMultiMode contains identifiers of cyclones, their year of occurrence, and their LMI
in units of ks; the code to generate it is available in the source code of the package.

The data of tropical cyclone intensity across the planet are known to have a bimodal distri-
bution which has important implications for climate modeling. Tropical cyclones are thus a
singular natural event in that their likelihood of occurrence can increase with intensity past a
certain threshold. Lee et al. (2016) show that this can be explained by a phenomenon called
rapid intensification which affects most cyclones with high intensity forming the right mode
of the estimated density.

Considering the LMI data of cyclones in the Eastern North Pacific basin from 19812, we
estimate a mixture with BNPmix as follows.

R> library("BNPmix")
R> y <- cyclone %>}

+ filter (BASIN == "EP", SEASON > "1981") >}
+ select (max_wind) %>}

+ unlist ()

R> PY _result <- PYdensity(y,

+ mecmc = list(niter = 2000, nburn = 1000, print_message = FALSE),
+ output = list(out_param = TRUE))

Most software for Bayesian mixture modeling generates an output in the form of a matrix of
MCMC draws with one column per variable. However, BNPmix returns results in a different
format. Thus, before passing the MCMC output from BNPmix into the bayes_mode () func-
tion, we must manipulate the result slightly, which gives us the opportunity to illustrate how
this can be done for similar MCMC output formats.

R> mcmc_py <- list()
R> for (i in 1:length(PY_result$p)) {
k <- length(PY_result$p[[i]][, 11)
draw <- c(PY_result$p[[i]][, 1], PY result$mean[[i]][, 1],
sqrt (PY_result$sigma2[[i]][, 11), i)
names (draw) [1:k] <- pasteO("eta", 1:k)
names (draw) [(k + 1):(2 * k)] <- pasteO("mu", 1:k)
names(draw) [(2 * k + 1):(3 * k)] <- pasteO("omega", 1:k)
names (draw) [3 * k + 1] <- "draw"
memc_py[[i]] <- draw
}

R> mcmc_py <- as.matrix(bind_rows (mcmc_py))

+ + + + + + + + +

Now that we have an MCMC matrix with one column per variable (e.g., etal, eta2, ..., mul,
mu2, ... etc.), we can create an object of class bayes_mixture; the necessary input type for
function bayes_mode (). Note that the burnin draws are already discarded by PYdensity ().

#We do not use the entire global data for all basins because estimation and generating the plots would take
more computing time, but it is entirely feasible. We follow other studies on these data in using cyclones only
from the 1980s.
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Figure 10: Posterior probabilities for the number of modes and their locations using cyclone
data.

R> py_BayesMix <- bayes_mixture(mcmc = mcmc_py, data = y, burnin = O,
+ dist = "normal", vars_to_keep = c("eta", "mu", "omega"),
+ vars_to_rename = c("sigma" = "omega"))

The following code produces Figure 9, which shows the estimated mixture in 100 MCMC
draws. The estimated density is multimodal with two clear modes emerging.

R> plot(py_BayesMix, draws = 100, alpha = 0.2)

The remaining steps are similar to those described above when estimating the mixture density
with BayesMultiMode. We retrieve the mode estimates and plot the results with:

R> bayesmode <- bayes_mode (py_BayesMix)
R> plot(bayesmode)
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The resulting Figure 10 provides a graphical representation of the Bayesian mode inference.
The posterior probability of the density being multimodal is:

R> 1 - bayesmode$pl
[1] 0.998

with approximately a 3/4 posterior probability of two modes and 1/4 posterior probability
of three modes. The first mode emerges around 40 ks while there is a small mode around 60
ks and a stronger mode around 120 ks. The latter mode corresponds to cyclones with very
large intensity. This result is consistent with the global results of Lee et al. (2016).

7. Concluding remarks

BayesMultiMode fills an important gap in statistical software by providing a robust mode
inference approach which (i) yields information on the number of modes, their locations and
associated uncertainties and (ii) is also suitable for discrete empirical distributions, contrary
to frequentist methods. Using four datasets spanning the fields of astrophysics, bioinfor-
matics, climatology and economics as well as a set of mixture models, we have shown that
BayesMultiMode spots multiple modes with substantial posterior probability where frequen-
tist methods fail; conversely, our method can indicate unimodality where frequentist methods
fail to do so. The mode inference tools of BayesMultiMode are also compatible with external
software using other MCMC methods for mixture estimation. Thus, while BayesMultiMode
provides a unique implementation of the SFM MCMC algorithm using several families of
probability distributions, the user is not limited to this choice and can integrate our mode
inference tool in their statistical workflow easily.

Finally, we emphasize that our results may be used as a first step in forecasting and pol-
icy analysis of issues where the heterogeneity of the underlying population distribution is
important.

Disclaimer

This paper is part of the research activities at the Centre for Applied Macroeconomics and
Commodity Prices (CAMP) at the BI Norwegian Business School. This paper should not
be reported as representing the views of Norges Bank. The views expressed are those of the
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