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Abstract

Statistical process monitoring (SPM) control charts are widely used for monitoring
the stability of sequential processes. Currently, there is no open-source software which
provides a general and extensible implementation of control charts. StatisticalProcess-
Monitoring.jl is a novel Julia package which aims at addressing this gap, offering support
for monitoring various type of data, such as univariate and multivariate observations,
partially-observed data streams, and profiles. The package introduces an extensible SPM
framework, allowing users to seamlessly design control charts for structured data types
using the existing implementation. By introducing a flexible implementation of control
charts, StatisticalProcessMonitoring.jl provides fully-automated and efficient algorithms
for determining control limits and tuning control chart hyperparameters. These algo-
rithms can accommodate various commonly-used performance metrics based on the run
length distribution. The package further leverages existing packages in the Julia ecosys-
tem to offer users a range of optimization and plotting functionalities.
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1. Introduction
In statistical process monitoring (SPM), control charts are the main tool for testing the stabil-
ity of sequential processes, with the aim of detecting departures from stable conditions. These
methods find broad applicability across various domains such as, among others, industrial pro-
cesses (Jin and Shi 1999; Huang, Zhou, and Shi 2002; Zhou, Huang, and Shi 2003), healthcare
and disease surveillance (Steiner, Cook, Farewell, and Treasure 2000; Woodall 2006; Qiu and
You 2022), monitoring of functions (termed “profiles” in the literature, see Kang and Albin
2000; Kim, Mahmoud, and Woodall 2003; Qiu, Zi, and Zou 2018), surveillance of images
and videos (Yan, Paynabar, and Shi 2014; Grasso, Laguzza, Semeraro, and Colosimo 2016;
Colosimo and Grasso 2018; Yan, Grasso, Paynabar, and Colosimo 2022), and detection of
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defects in manufactured 3D shapes (Colosimo, Semeraro, and Pacella 2008; Zang and Qiu
2018a,b; Zhao and del Castillo 2021; Scimone, Taormina, Colosimo, Grasso, Menafoglio, and
Secchi 2022).
While novel control charts are constantly being developed, most SPM software packages fo-
cus on implementing traditional control charts for analyzing univariate or multivariate data.
Therefore, they provide limited support for developing more sophisticated charting method-
ologies, such as multi-chart schemes (see, e.g., Gan 1995). Moreover, currently-available
packages typically lack general methodologies for user-defined control charts, such as select-
ing the control limits and optimizing the chart hyperparameters. As a result, practitioners
who wish to implement their own control charts often also need to implement their own
routines to address these problems.
To the best of our knowledge, no other package implements a general SPM framework with
a fully-automatic way of calculating control limits and optimizing control chart hyperparam-
eters. Here, we present a comprehensive review of existing SPM packages across various
programming languages and of the features they provide.
Most of the available packages for SPM are implemented in R (R Core Team 2025), a high-level
language that is designed for statistical applications and is especially popular due to its ease of
use and dynamic type system (Tratt 2009). The qcc package (Scrucca, Snow, and Bloomfield
2004) allows users to run Shewhart charts (Shewhart 1931), cumulative sum (CUSUM, Page
1954), and exponentially weighted moving average (EWMA, Roberts 1959) charts, with lim-
ited support for multivariate Shewhart charts. The MSQC package (Santos-Fernández 2012)
specializes in conventional multivariate control charts, including multivariate Shewhart, mul-
tivariate cumulative sum (MCUSUM, Crosier 1988), and multivariate exponentially weighted
moving average (MEWMA, Lowry, Woodall, Champ, and Rigdon 1992) charts. The spc
package (Knoth 2024) focuses on calculating zero-state and steady-state in-control average
run length and run length quantiles for the EWMA, CUSUM, and Shiryaev-Roberts control
charts (Shiryaev 1961, 1963; Roberts 1966). These control charts are primarily used for mon-
itoring the mean or variance of a normally-distributed univariate process. The package also
provides average run length calculations for the MEWMA control chart when monitoring the
process mean, as well as methods for determining optimal allowance constants and smoothing
constants based on target mean shift values to detect. The qicharts and qicharts2 packages
(Anhoej 2021a,b) provide functions for run rules (Khoo 2003), Shewhart charts, and Pareto
control charts (Juran 1951). The edcc package (Zhu and Park 2013) provides numerical
methods for finding the parameters for the X, EWMA, and CUSUM control charts under the
optimal economic design framework (Duncan 1956; Lorenzen and Vance 1986).
Other, more specialized packages provide functionalities that may find use in specific ap-
plications. The spcadjust package (Gandy and Kvaløy 2013, 2017) addresses estimation
error in control limit calculation for Shewhart, CUSUM, and EWMA control charts. The
package also allows the control charts to be applied on the residuals of a linear regression,
which can be used for monitoring profiles. The funcharts package (Capezza, Centofanti, Lep-
ore, Menafoglio, Palumbo, and Vantini 2023a,b) specializes in control charts for multivariate
functional data, using either Hotelling’s T 2 or the squared prediction error to detect process
changes. This package provides control charts for various scenarios involving functional data,
including scalar responses with functional covariates (Capezza, Lepore, Menafoglio, Palumbo,
and Vantini 2020), functional response variables with functional covariates (Centofanti, Lep-
ore, Menafoglio, Palumbo, and Vantini 2021), and general functional data monitoring. The
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surveillance package (Salmon, Schumacher, and Höhle 2016; Meyer, Held, and Höhle 2017)
provides methods for change detection in public health surveillance using various models and
tools for time series analysis, univariate and multivariate generalized linear models (GLM),
and generalized additive models. Other packages such as cpm (Ross 2015), strucchange
(Zeileis, Leisch, Hornik, and Kleiber 2002), bcp (Erdman and Emerson 2008), and change-
point (Killick and Eckley 2014; Killick, Haynes, and Eckley 2022) provide methods for process
monitoring based on the change-point model (Hawkins, Qiu, and Kang 2003). Finally, the
dfphase1 package (Capizzi and Masarotto 2018) allows change detection in retrospective uni-
variate and multivariate samples using nonparametric control charts.
Limited support of SPM methodologies is available in other programming languages: The
PySpc package (Silva 2023) provides a Python (Van Rossum and Drake Jr 1995) implementa-
tion of classical univariate and multivariate control charts, while the Pre-Screen (Yi, Herds-
man, and Morris 2019) toolbox for MATLAB (The Mathworks Inc. 2023) offers various control
charts based on principal components. Within the Julia language, the MultivariateAnoma-
lies.jl (Flach et al. 2017) provides some basic tools for multivariate SPM such as Hotelling’s
T 2 and k-nearest-neighbor-based outlier measures.
The remainder of this paper is organized as follows: Section 2 provides an introduction to
SPM, followed by a discussion on common challenges encountered in control chart design. Sec-
tion 3 presents a comprehensive examination of the StatisticalProcessMonitoring.jl package
and the underlying design principles of its interface. Section 4 demonstrates some applica-
tions of the proposed package in settings such as joint monitoring of the mean and covariance
matrix, monitoring changes in the residuals of autocorrelated data, detecting changes in sur-
gical outcomes, and monitoring of nonparametric profiles. Finally, Section 5 concludes the
paper by discussing planned future developments of the package.

2. Statistical process monitoring

2.1. Basic terminology

Control charts are the main tools used to assess process stability within the framework of
SPM. According to Woodall (2000), control charts can be broadly separated in Phase I and
Phase II control charts. Phase I control charts are used on historical data to remove any
anomalous patterns and obtain a clean dataset X (0) = {X−m+1, X−m+2, . . . , X0} which is
representative of the process under stable conditions (in-control, IC). Here, Xi for i > −m
denotes the i-th observed sample from the sequential process. This cleaned dataset is then
typically used to estimate certain IC parameters of the process. Phase II control charts
instead focus on the use of control charts to monitor deviations from the IC state as new data
X1, X2, . . . , are sequentially collected over time. An alarm is then raised when the statistic
detects a change in the process, indicating it has shifted to an out-of-control (OC) state. This
paper is mainly concerned with the use of control charts in Phase II analysis, although the
package herein introduced can be adapted to also handle Phase I analysis.
Phase II control charts typically involve the sequential calculation of a monitoring statistic Ct,
t = 1, 2, . . . , and an OC alarm is raised as soon as Ct falls outside control limits (LCLt, UCLt),
where LCLt, UCLt ∈ R∪{−∞, ∞}. For simplicity, we will assume that LCLt ≤ 0 and UCLt ≥
0 for all t > 0. To ensure these properties are satisfied, straightforward transformations of
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the monitoring statistic can be applied. Furthermore, one-directional control charts can be
defined using decision intervals of the form (−∞, UCLt) or (LCLt, ∞). Users are typically
interested in the control chart’s run length (RL),

RL = inf {t > 0 : Ct > UCLt or Ct < LCLt} ,

which is a random variable representing the number of time points required for the monitoring
procedure to signal an alarm.
The control limit(s) that define the decision interval are typically selected so as to constrain
some IC properties of the control chart’s run length to a nominal value. The most common
way of determining the decision thresholds is by imposing

ARLIC := E0[RL] = A0,

where A0 > 1 and E0[·] represents expectation assuming that the process always remains IC.
Other metrics such as the IC median run length (MRLIC, see Waldmann 1986a,b; Gan 1993,
1994; Graham, Mukherjee, and Chakraborti 2017; Hu, Castagliola, Tang, and Zhong 2021;
Qiao, Sun, Castagliola, and Hu 2022) or quantiles of the IC run length (Knoth 2015) may
also be used in place of the ARLIC.

2.2. Taxonomy of control charts
Following the exposition of Chakraborti, Van Der Laan, and Bakir (2001), control charts can
broadly be classified in three main categories: Shewhart-type control charts, CUSUM-type
control charts, and EWMA-type control charts.
Shewhart-type control charts are memoryless control charts, i.e., at each time t > 0 the
monitoring statistic Ct is calculated using only the information about Xt. Since historical
information about (X1, . . . , Xt−1) is discarded at time t, these control charts are typically
reactive to large changes in the process parameters. On the other hand, persistent small
parameter shifts are much harder to detect using Shewhart-type control charts.
In contrast, CUSUM- and EWMA-type control charts are memory-type control charts. They
use the whole history (X1, . . . , Xt) to compute the current value Ct of the monitoring statistic.
This enables them to detect persistent shifts of smaller magnitude more efficiently. Due to
the continuous accumulation of information, memory-type control charts require a discounting
mechanism to mitigate the dampening effect of the historical data on the process parameter
shift (see Qiu 2013).
CUSUM-type control charts discount historical information by employing a restarting mech-
anism. This is typically implemented using a recursive relation of the monitoring statistic,
such as

Ct = max {0, Ct−1 + f(Xt)} ,

where f is a scalar function of the incoming observation Xt. Once the monitoring statistic is
set to zero, the values prior to the last restarting time (“spring length”, see also Chatterjee
and Qiu 2009; You and Qiu 2019) do not influence future values of Ct.
On the other hand, EWMA-type control charts discount past information by using an expo-
nentially decaying weighting scheme for past observations. The classical EWMA statistic for
a standardized univariate process Xt defines the value of the monitoring statistic, Ct, as

Ct = (1 − λ)Ct−1 + λXt,
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where λ ∈ (0, 1). With this smoothing mechanism, at time t, a weight wj(t) = λ(1 − λ)j is
assigned to observation Xt−j for j = 0, . . . , t − 1.

2.3. Nonparametric control charts
Traditional control charts assume independent and identically distributed (i.i.d.) continuous
quality variables that follow a parametric distribution. This is the case for most of the existing
packages discussed in Section 1. However, when these assumptions are violated, control charts
designed under these assumptions suffer from serious limitations (Crosier 1988; Lowry et al.
1992). Real-world process observations often exhibit serial correlation (Capizzi and Masarotto
2009; Qiu and Xie 2021) and have multivariate distributions that are not easily described
by parametric models (Yang and Qiu 2020). As a result, various methodologies have been
developed to address these issues and expand the applicability of SPM (Chakraborti et al.
2001; Chakraborti and Graham 2019).
Nonparametric control charts based on ranks (Qiu and Hawkins 2001; Zou and Tsung 2010;
Li, Pu, Tsung, and Xiang 2017) and data categorization (Qiu 2008; Li, Tsung, and Zou 2012;
Wang, Li, and Su 2017) have been proposed for cases where parametric distributions are inad-
equate. These nonparametric charts can be applied without strong parametric assumptions.
However, their effectiveness in change detection during online monitoring may be reduced by
the loss of information compared to parametric charts (Xie and Qiu 2022). When process
observations are autocorrelated, control charts can be developed using either parametric time
series approaches (Capizzi and Masarotto 2008; Lee and Apley 2011; Prajapati and Singh
2012) or nonparametric decorrelation methods (Qiu and Xie 2021; Xue and Qiu 2021; Xie
and Qiu 2023).
Note that, as pointed out by Zou and Tsung (2011), any control chart can be designed to
be distribution-free by assuming the reference sample to be large enough to obtain accurate
estimates of the IC distribution. Then, one can achieve the desired nominal IC run length
distribution by means of simulations from either the estimated IC distribution or the historical
data themselves. In the latter case, standard techniques such as the classical bootstrap (Efron
and Tibshirani 1993) as well as bootstrap for autocorrelated data (Politis and Romano 1992;
Bühlmann 2002) may be used.

2.4. Selecting the hyperparameters
Control charts used in SPM often require choosing the value of tuning parameters ζ ∈ Z ⊆
Rd. Common examples are the smoothing constant λ in the EWMA control chart and the
allowance constant k in the CUSUM control chart. These parameters are crucial for efficiently
detecting process changes.
The choice of tuning parameters is typically done to efficiently detect a specific magnitude of
parameter change. This optimization problem is usually formulated as follows,

∂E1[RL]
∂ζ

∣∣∣
ζ=ζ∗

= 0,

s.t. E0[RL] = A0,

(1)

where E1[·] indicates expectation under the desired OC scenario. While Equation 1 is formu-
lated in terms of average run length, the median run length and other quantiles of the run
length can be considered (Knoth 2015).
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Optimally designing a control chart can be challenging as analytical solutions are typically
only available for simple, univariate cases. In other cases, methods based on integral equations
(Rigdon 1995a,b; Knoth 2017) may be employed. However, these methods depend on specific
distributional assumptions on the sequential process and may not be applicable in general.
For complex control charts applied to general processes, methods based on Monte-Carlo sim-
ulations can be utilized to solve the optimal design problem in Equation 1. These methods
involve estimating the OC average run length using a large number of simulated run lengths,
under the constraint of the IC average run length. Once the OC average run length has been
estimated, the control chart parameter can be optimized using approaches such as grid search
(Qiu 2008) or classical numerical solvers (Capizzi and Masarotto 2003; Mahmoud and Zahran
2010).
In general, optimizing the constrained function in Equation 1 presents several challenges.
Firstly, as a stochastic optimization problem, finding the optimal solution ζ∗ is generally
more difficult than ordinary numerical optimization. Additionally, the appropriate value of
the control limit to satisfy the IC constraint depends on the value of the hyperparameter.
This significantly increases the computational cost of evaluating the objective function.

2.5. Multi-chart monitoring schemes

Multi-chart monitoring schemes consist of multiple control charts that are run simultaneously,
each with its associated control limit(s). An alarm is triggered as soon as one of the monitoring
statistics falls outside the decision boundaries.
Multi-chart monitoring schemes are useful when multiple parameters need to be monitored
jointly, such as the mean and variance of a distribution (Gan 1995). Additionally, multiple
control charts with varying sensitivities to parameter shifts can be combined for detecting
both small and large parameter changes efficiently. Some examples include combining a
Shewhart chart with an EWMA chart (Lucas and Saccucci 1990; Reynolds and Stoumbos
2008), combining a Shewhart chart with a CUSUM chart (Lucas 1982), or using multiple
CUSUM charts with different allowance constants (Lorden and Eisenberger 1973; Sparks
2000; Zhao, Tsung, and Wang 2005).
The design of the control limits for multi-chart monitoring schemes is typically based on a
joint run length criterion with a constraint on the run lengths of the individual control charts
(Capizzi and Masarotto 2016). Specifically, if J > 1 control charts are run simultaneously,
let RLk indicate the run length of the k-th control chart, for k = 1, . . . , J . Then, the control
limits LCLt = (LCLt1, . . . , LCLtJ)⊤ and UCLt = (UCLt1, . . . , UCLtJ)⊤ can be determined
so that

E0 [min(RL1, RL2, . . . , RLJ)] = A0, (2)

and
E0[RL1] = E0[RL2] = . . . = E0[RLJ ]. (3)

These equations ensure that the IC average run length of the joint monitoring scheme of the
overall scheme is equal to the nominal value ARL0, and that the expected run length for each
control chart is the same. It is worth noting that Equations 2 and 3 can be based on other
measures, such as run length quantiles, instead of the average run length. Furthermore, by
introducing weighting schemes in Equation 3, it is possible account for the relative importance
of each control chart.
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Designing joint monitoring schemes typically involves the use of traditional algorithms like
bisection search (see, for example, Qiu 2013). Nevertheless, this method may involve substan-
tial computational overhead compared to the design of single control charts. Recent research
(Capizzi and Masarotto 2016) has addressed this concern by introducing a novel approach for
estimating control limits using stochastic approximations (see Chen 2002; Kushner and Yin
2003, for an introduction to stochastic optimization).

3. The StatisticalProcessMonitoring.jl package
This paper introduces a new package named StatisticalProcessMonitoring.jl, implemented in
the Julia programming language (Bezanson, Edelman, Karpinski, and Shah 2017). The choice
of Julia stems from the “two-language” problem encountered in interpreted, dynamically typed
languages such as R. While these languages support fast function prototyping, there is often
a drawback in terms of computational efficiency. Therefore, users often resort to quickly
writing a proof-of-concept code in a high-level language and then rewriting it in a lower-level,
strongly-typed language such as C++ (Stroustrup 2013) or Fortran (Ellis, Philips, and Lahey
1994) to achieve better performance.
Julia is a programming language designed specifically for scientific computing (Bezanson et al.
2017). It achieves computational speed comparable to lower-level languages by combining
just-in-time compilation with a sophisticated type system, enabling efficient execution of nu-
merical computations. The Julia language uses multiple dispatch for function implementation
(Bezanson et al. 2017), where functions are composed of multiple methods with distinct type
signatures. At runtime, the most specific method for a function call is selected by compar-
ing argument and parameter types. Unlike overloading in C++, Julia resolves overloading
dynamically using multiple dispatch rather than statically.
Julia’s hierarchy of base and abstract types offer a high-level, expressive syntax that promotes
concise and readable code. Its flexible and intuitive design makes it easier for users to under-
stand and modify the implementation of control charts in the StatisticalProcessMonitoring.jl
package. This allows users to easily customize and extend the functionalities according to
their specific requirements. Finally, Julia has a rapidly expanding ecosystem with a wide range
of packages and libraries dedicated to numerical algebra, optimization, and visualization tools.
The following sections present a comprehensive overview of the design philosophy of the Statis-
ticalProcessMonitoring.jl package. The aim of this explanation is to clarify how the proposed
framework enables very general control chart functionalities. Furthermore, we will discuss
the main features of the StatisticalProcessMonitoring.jl package, which include automatic
control limit estimation and hyperparameter optimization.

3.1. Overview of StatisticalProcessMonitoring.jl

Type hierarchy

The StatisticalProcessMonitoring.jl package introduces a flexible definition of a control chart,
which aims at separating the basic building blocks commonly found in control charts. The
main type introduced by the package is the ControlChart type, whose attributes determine
the main properties required by a control chart:
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mutable struct ControlChart{STAT, LIM, NOM, PH2} <:
AbstractChart{STAT, LIM, NOM, PH2}

stat::STAT
limit::LIM
nominal::NOM
phase2::PH2
t::Int

end

In Julia, the <: operator is used in the definition of a new type to specify its direct supertype.
The ControlChart type contains five attributes: i) the monitoring statistic (Section 3.5);
ii) the control limit (Section 3.2); iii) the nominal property of interest (Section 3.3); iv) the
desired Phase II data simulator (Section 3.4); and v) the indicator of the current time point
t. Note that attributes i)-iv) are specified as parametric types, meaning that their type is
defined in the moment an object of type ControlChart is instantiated. This allows Julia’s
multiple dispatch functionality to compile functions into high-performance code.
The ControlChart type is defined as mutable, allowing its elements to be modified and up-
dated by other functions. This is particularly useful for defining the generic update mechanism
of a control chart at time t whenever a new data point Xt+1 is observed. The update_chart!
function is an example of such a mechanism, which modifies an object of type ControlChart
by incrementing the time indicator and updating the monitoring statistic using the incoming
observation,

function update_chart!(CH::AbstractChart, x)
CH.t += 1
update_statistic!(get_statistic(CH), x)

end

Note that, following Julia’s function naming convention (Bezanson et al. 2017), the name
of functions that modify any of their arguments ends with a “!”. In the update_chart!
function, the roles of update_statistic! and get_statistic are clearly understood.
Using this approach, a new monitoring statistic type simply requires an appropriate special-
ization of the update_statistic! function to be used as part of the ControlChart object.
Moreover, the exact type of the incoming observation x is left unspecified. This argument
can be, for example, a real number for univariate or a vector for multivariate control charts.
In addition, as demonstrated later in Section 4.4, the argument x can also be of a more com-
plicated data type. This design allows the package to handle monitoring of structured data
types such as profiles, etc.
Example 3.1. As an example to illustrate the flexibility of the proposed framework, consider
a univariate EWMA control chart and an univariate adaptive exponentially weighted moving
average (AEWMA) control chart (Capizzi and Masarotto 2003). Assume for simplicity that
the two control charts share the same control limit, nominal property of interest, and Phase II
object. The only difference between the two control charts is the different monitoring statistic
objects, respectively of type EWMA and AEWMA, used in the construction of the control chart.
These types can be defined, for example, as follows:

mutable struct EWMA <: AbstractStatistic
λ::Float64
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value::Float64
end

mutable struct AEWMA <: AbstractStatistic
λ::Float64
k::Float64
value::Float64

end

The computation of the quantities necessary to update the value of the monitoring statistic
is handled by defining suitable specializations of the update_statistic! function:

function update_statistic!(stat::EWMA, x::Real)
stat.value = (1.0 - stat.λ) * stat.value + stat.λ * x

end

function update_statistic!(stat::AEWMA, x::Real)
stat.value = stat.value + huber(x - stat.value, stat.λ, stat.k)

end

In the above code snippet, the huber function implements Huber’s score function (Huber
1981),

ϕhu(e, λ, k) =


e + (1 − λ)k if e < −k

λe if |e| ≤ k

e − (1 − λ)k if e > −k.

It is important to note that, despite substantially changing the behavior of the resulting
control chart, the use of different monitoring statistics leaves the rest of the interface of the
ControlChart type unchanged. Therefore, users can define new monitoring statistics and
immediately integrate them with the existing control limits, Phase II data samplers, and
other features of the StatisticalProcessMonitoring.jl package discussed in the next sections.

In general, a complete specification of the five elements that compose an object of type
ControlChart allows the user to define the behavior of a wide range of control charts, as will
be documented in the following sections.

Implementation of multi-chart monitoring schemes

The ControlChart type is general enough to also accommodate multi-chart monitoring
schemes such as those discussed in Section 2.5. Observe that a multi-chart scheme can simply
be defined by instantiating an object of type ControlChart using a Tuple of J > 1 monitor-
ing statistics, each with its own control limit. To facilitate this, we define a convenient type
alias to represent a multi-chart:

const MultipleControlChart{S,L,N,P} = ControlChart{S,L,N,P} where
{S<:Tuple,L<:Tuple,N,P}
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It should be emphasized that the discussions regarding the nominal properties of the run
length and Phase II data samplers, as presented in Section 3.3 and Section 3.4, are also
applicable to the MultipleControlChart type. To handle joint criteria such as the one in
Equations 2 and 3, several algorithms are available for determining the appropriate values of
the control limits, as discussed in Section 3.2.2.

3.2. Control limits

Types of control limits
Control limits play a crucial role in SPM as they define the boundaries within which a process
is considered to be in control. In general, control limits can be be either fixed or dynamic
(time-varying), with the latter class allowing multiple definitions depending on the desired
properties of the decision interval. The StatisticalProcessMonitoring.jl package includes var-
ious implementations of fixed and dynamic control limits.

Fixed control limits The simplest type of decision interval is defined using constant
boundaries over time,

LCLt = LCL, and UCLt = UCL for all t = 1, 2, . . ..

Fixed control limits are commonly used for Shewhart-type monitoring statistic or when the
analytical expression of the variance of the monitoring statistic Ct is complicated. Examples
that utilize fixed control limits include, among others, the CUSUM, MCUSUM, adaptive
cumulative sum (ACUSUM, Yi and Qiu 2021), and adaptive cumulative score (ACUSCORE,
Capizzi and Masarotto 2012) control charts.
In the StatisticalProcessMonitoring.jl package, fixed control limits are implemented as the
TwoSidedFixedLimit and OneSidedFixedLimit types. The latter allows choosing between
an upward decision interval (−∞, UCL) or a downward decision interval (LCL, ∞).

Deterministic time-varying control limits Among dynamic-type control limits, the
simplest case is the deterministic time-varying control limit. These are defined as

LCLt = h · gl(t), and UCLt = h · gu(t), (4)

where the functions gl(t) and gu(t) typically have a similar functional form as the standard
deviation of the control chart statistic at time t. For example, an EWMA control chart
with time-varying control limits and fast initial response (Steiner 1999) for a standardized
univariate process (Xt)t>0 defines the charting statistic as

Ct = (1 − λ)Ct−1 + λXt, C0 = 0.

The functions gl and gu that determine the time-varying control limits are

gu(t) =
{

1 −
(1

2

) 7+3t
10
}√

λ [1 − (1 − λ)2t]
2 − λ

, and gl(t) = −gu(t). (5)

To implement the fast initial response control limits for the EWMA chart, we can use the
TwoSidedCurvedLimit and OneSidedCurvedLimit types. To implement the control limits in
Equations 4 and 5 with h = 1 and λ = 0.2, one can use the following code:



Journal of Statistical Software 11

Figure 1: Two-sided control limits for the EWMA control chart with fast initial response
using λ = 0.05, 0.1, and 0.2 and h = 1, as t = 1, . . . , 100.

julia> λ = 0.2
julia> f(t) = (1 - 0.5^((7 + 3 * t) / 10)) * sqrt(λ/(2 - λ) *

(1 - (1 - λ)^(2 * t)))
julia> LIM = TwoSidedCurvedLimit(1.0, f)

Figure 1 shows the deterministic time-varying control limits for a fast initial response EWMA
control chart using various values of λ, when h = 1.

Time-varying control limits with constant false-alarm rate Another type of time-
varying control limit is designed to achieve a constant false alarm rate for each t = 1, 2, . . ..
More formally, (LCLt, UCLt) are defined such that, for all t = 1, 2, . . .,

Pr(Ct > UCLt or Ct < LCLt | LCLs ≤ Cs ≤ UCLs for all s < t ) = α, α ∈ (0, 1).

The constant false alarm property ensures that the run length of the control chart ap-
proximately follows a Geometric(α) distribution. Therefore, ARLIC = 1/α and MRLIC =
⌈−1/ log2(1 − α)⌉. Control limits that satisfy the above property can be obtained using a se-
quential bootstrap resampling approach to approximate the IC distribution of the monitoring
statistic at each time t = 1, 2, . . . (Shen, Zou, Jiang, and Tsung 2013; Shen, Tsui, Zou, and
Woodall 2016; Yang, Zou, and Wang 2017).
These control limits are implemented in the package as the TwoSidedBootstrapLimit and
OneSidedBootstrapLimit types. For both these types, a convenient constructor is used to
initialize the control limits using the monitoring statistic. For example, recalling the EWMA
statistic from Example 3.1, a TwoSidedBootstrapLimit using 10000 bootstrap replications
can be initialized as
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julia> STAT = EWMA(0.2, 0.0)
julia> LIM = TwoSidedBootstrapLimit(STAT, 10000)

For the TwoSidedBootstrapLimit, the control limits at each time t = 1, 2, . . ., are determined
by taking the α/2- and ((1 − α)/2)-level quantiles of the simulated IC distribution of the
monitoring statistic at time t. On the other hand, the OneSidedBootstrapLimit uses either
the (1 − α)-level quantile for the one-sided upward decision interval or the α-level quantile
for the one-sided downward decision interval. Here, α = 1/ARL0, where ARL0 is the desired
nominal value of ARLIC. On the other hand, if the desired nominal characteristic of interest
is the MRLIC, we can follow the same procedure using α = 1 − 2−1/MRL0 .

Control limit design

In contrast to bootstrap-based control limits, fixed and deterministic time-varying control
limits require a design step to determine their appropriate values prior to the monitoring
phase. One notable feature of the StatisticalProcessMonitoring.jl package is its ability to
automatically estimate control limit values that satisfy the desired nominal IC property . This
estimation is accomplished using Monte-Carlo methods to simulate new Phase II data, thus
approximating the IC run length distribution of the control chart in a fully-automatic way.
Simulation of Phase II observations can be achieved either by sampling from a distribution or
by resampling data from a reference IC sample. To specify the simulation method, an object
that is a subtype of AbstractPhase2 can be used, as will be explained in Section 3.4.
In the following, we give a very brief overview of the most common methods for estimating
control limits.

Bisection search The bisection search algorithm is the most common method for finding
the control limit of a control chart (see, for example, Qiu 2013). Suppose we have a control
limit of the form (0, h). Extension of this method for symmetric two-sided decision intervals,
as well as deterministic time-varying control limits such as Equation 4 are immediate.
The search begins by specifying an initial interval [0, hU ] that must contain the parameter
value of interest, h∗. To make sure that this property is satisfied, a very wide initial interval
may be specified. Then, the bisection search proceeds as follows:

1. At each iteration k = 1, 2, . . ., the current value of the control limit is set to h(k) =
(hL + hU )/2. If |h(k) − h(k−1)| < ε1, for a small value of ε1 > 0, the algorithm is
terminated and h(k) is returned as the estimated control limit value. Otherwise, the
IC run length distribution is determined based on a large number B of simulations.
Typically, B = 1000 or 10000. The in-control characteristic of the run length G0 is
estimated for each control limit value as Ĝ0(h(k)). When G0 = ARLIC, we use the
estimate

ÂRLIC(h) = 1
B

B∑
b=1

rb,

where rb represents the b-th simulated run length. For the p-level quantile of the run
length, the estimate is taken as r(N), where N = [B ·p] and r(i) indicates the i-th ordered
value of the simulated run lengths.
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2. If the estimate is included in the interval [A0−ε2, A0+ε2], for a small value of ε2 > 0, the
algorithm is stopped and h(k) is returned as the estimate of the control limit. Otherwise,
the interval boundaries are adjusted for the next iteration as{

hL = hL, hU = h(k) if Ĝ0(h(k)) > A0

hL = h(k), hU = hU if Ĝ0(h(k)) < A0.

The algorithm then proceeds from step 1.

This algorithm is implemented in the bisectionCL! function and in the bisectionCL func-
tion, which has the same signature as the former but calculates the control limit without
modifying the ControlChart argument.

Stochastic approximations This algorithm was introduced by Capizzi and Masarotto
(2016) for multi-chart monitoring schemes. The stochastic approximations (SA) algorithm
aims at finding the vector of control limits h∗ = (h∗

1, . . . , h∗
J) so that multi-chart designs such

as the one defined by Equations 2 and 3 are satisfied. This is achieved by simulating, for all
individual charts, one run length ri = (ri1, . . . , riJ) at a time and applying a gradient descent
iteration given by

hk+1 = Ψ
(

hk − 1
(k + 1)q

Ds(hk)
)

. (6)

Here, Ψ(x) =
(

max(0, xj)
)

j=1,...,J
is the projection on the positive half-line, D ∈ RJ×J is a

diagonal gain matrix, s(h) =
(
s1(h), . . . , sJ(h)

)
∈ RJ is a score vector, and q ∈ (0, 1). For

an in-depth discussion on estimating the optimal matrix D and selecting the value of q, see
Capizzi and Masarotto (2016). The choice of score s(h) is based on the joint design criterion
to satisfy. For a joint design based on the ARLIC (Equations 2 and 3), the score can be
defined as

si(h) = min(ri1, . . . , riJ) − A0
A0

+ rij − ri

A0
, j = 1, . . . , J,

where ri = (ri1 + · · · + riJ)/J is the average of the individual simulated run lengths. The
first addend of si(h) moves the current control limit value of every control chart towards a
solution that satisfies the run length criterion for the multi-chart monitoring scheme. The
second addend is used to enforce the constraint on the individual control charts. For a design
based on the p-level quantile of the run length, a score based on the gradient descent iteration
in Capizzi and Masarotto (2009) may be used.
In order to enhance the stability of the algorithm, the iterate averaging technique (Ruppert
1991; Polyak and Juditsky 1992) is applied to the control limit values obtained through the
gradient descent iteration in Equation 6. Iterate averaging yields the following estimate for
the control limit,

hk = 1
k

k∑
i=1

hi, k = 1, 2, . . . . (7)

To determine when to stop the SA algorithm, we rely on the asymptotic distribution of the
averaged estimate in Equation 7 (Ruppert 1991; Polyak and Juditsky 1992). For large values
of k, approximately,

E[s(hk)] ∼ N

(
0,

1
k

E
[
s(h∗)s(h∗)⊤

])
.
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Therefore, for γ > 0, the algorithm can be terminated whenever |E[s(hk)]| < γ using the
following stopping rule,

N = inf
{

N > Nmin : N >

(
z

γ

)2
max

j=1,...,J

1
N

N∑
k=1

s2
kj

}
.

Here, z is chosen such that P (−z ≤ N(0, 1) ≤< z) = 1 − α for a small value of α > 0, and
Nmin > 0 is used to prevent premature terminations of the algorithm. The SA algorithm is
implemented in the saCL! and saCL functions.
The StatisticalProcessMonitoring.jl package provides several methods for determining control
limits based on the two algorithms described above. Table 3 lists the available functions for
designing control limits.
The documentation of each function provides a detailed explanation of the keyword arguments
that can be specified. Accessing the documentation of a function can be done by typing the
? character in the Julia console and writing the name of the function.

julia> ?
help?> saCL!

Accepted keyword arguments contain tuning parameters and, among others, tolerance con-
stants.
All methods that calculate the control limits are also implemented using parallel processing.
To execute the parallel version of each function, simply set the parallel keyword argument
to true. Since parallelization is achieved using the Threads.@threads macro, Julia needs to
be launched in multithread mode. As an example, the command julia -t 4 can be used to
start Julia using four threads.
In our experience, the optimal method for designing control limits depends on the specific
control chart being used. In general, no single algorithm consistently outperforms the others
in all cases. Therefore, providing a variety of control limit estimation methods allows users
to select the most suitable algorithm for their particular case.
An example of control limit design for multi-chart monitoring schemes based on the median
run length can be found in Section 4.1.

3.3. Nominal properties

Subtypes of the NominalProperties type are used to define constraints on the characteristics
of the IC run length distribution. An object of type ARL specifies the nominal value of ARLIC.
The following code defines an object of type ARL with a nominal value of 200:

julia> NM = ARL(200)

Similarly, an object of type QRL specifies the nominal value of the p-level quantile of the IC run
length, where p ∈ (0, 1). This requires specifying both the nominal value and p, for example
as

julia> NM = QRL(200, 0.3)
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Naturally, when p = 0.5, the QRL type specifies the nominal value of MRLIC. Objects of type
ARL and QRL are used to modify the behavior of the algorithms that estimate the control
limits (Section 3.2.2) as well as the algorithms that tune the control chart hyperparameters
(Section 3.5.2) to account for the specific run length characteristic of interest.
For the SA algorithm, when the nominal property is the p-level quantile of the run length,
the control limit is determined using the gradient descent iteration described in Capizzi and
Masarotto (2009).

3.4. Simulating new observations

Simulation of Phase II data is used for approximating the run length of a control chart, and
is achieved by subtyping the abstract type AbstractPhase2. Subtyping this class requires
the specialization of two methods:

new_data(::AbstractPhase2)
new_data!(::AbstractPhase2)

These methods specify how new observations should be generated. The StatisticalProcess-
Monitoring.jl package provides implementations of the Phase2Distribution type, which is
used to generate data by sampling from any distribution in the Distributions.jl package (Lin
et al. 2019; Besançon et al. 2021). For example, the following object can be used to sample
data from a standard normal distribution using the new_data and new_data! functions,

julia> using Distributions
julia> PH2 = Phase2Distribution(Normal(0,1))

In cases when the underlying data distribution is unknown, Phase2 type allows resampling
data from an IC reference dataset. A Phase2 object contains an attribute which is a subtype
of AbstractSampling, which specifies the data resampling mechanism, as well as the IC
reference dataset, which can be a Vector, a Matrix, or a DataFrame.
Depending on the sampler object used in creating the Phase2 object, data can be sampled us-
ing different techniques. To handle the most common practical scenarios, the Bootstrap type
implements the classical bootstrap (Efron and Tibshirani 1993), the BlockBootstrap type al-
lows circular block bootstrap (Politis and Romano 1992), and the StationaryBootstrap type
implements stationary bootstrap (Politis and Romano 1994). Objects of type BlockBootstrap
and StationaryBootstrap are constructed by specifying an integer, which represents, respec-
tively, the block size and the expected block size.
For example, Phase II data can be resampled from a reference IC sample of 500 normally-
distributed observations by applying the new_data and new_data! functions on the following
object,

julia> PH2 = Phase2(Bootstrap(), randn(500))

To automate the simulation of run lengths, the StatisticalProcessMonitoring.jl package pro-
vides a convenient run_sim function. This function simulates an in-control run length for a
ControlChart object using the new_data! function applied to its Phase II attribute.
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3.5. Monitoring statistic
The monitoring statistic attributed is subtyped from the AbstractStatistic type. All mon-
itoring statistics implement a specialization of the update_statistic! function, following
the signature provided by the abstract type interface

update_statistic!(::AbstractStatistic, x)

Furthermore, the value of the monitoring statistic at time t = 0, 1, 2, . . . is stored in the value
attribute of the object. If a new monitoring statistic subtype is defined which stores its value
in a different attribute, then the get_value function must be specialized for that particular
type to reflect the change.
A list of monitoring statistics implemented in the StatisticalProcessMonitoring.jl package can
be found in Appendix A.

Statistics with estimated parameters
Monitoring statistics can incorporate estimation of the process parameters such as mean,
variance, and other quantities into their definition. However, in some specific cases it is
possible to separate the monitoring statistic and the parameter estimation to promote code
compartmentalization.
As an example to illustrate this concept, we consider an EWMA statistic applied to incoming
univariate observations Xt,

Ct = (1 − λ)Ct−1 + λZt, C0 = 0, (8)

where Zt = (Xt − µ̂0)/σ̂0 are the standardized observations, and µ̂0 and σ̂0 are the estimates
of the mean and standard deviation based on an IC reference sample.
Separation of the monitoring statistic from the parameter estimation can be achieved using the
following strategy: First, the behavior of the monitoring statistic in Equation 8 when applied
to Zt is defined using a subtype of AbstractStatistic. Then, a subtype of the abstract
class ResidualStatistic is used to estimate the parameters and calculate the residuals.
The ResidualStatistic is a subclass of AbstractStatistic, whose update_statistic!
function is specialized as follows:

function update_statistic!(S::ResidualStatistic, x)
return update_statistic!(get_statistic(S), residual!(x, S))

end

Subtyping a ResidualStatistic requires the specialization of the residual! function to
define how the residuals are calculated. The code below illustrates how standardized residuals
may be monitored in location-scale families of distributions using the LocationScaleStatistic
type,

@with_kw mutable struct LocationScaleStatistic{S, M, P} <: ResidualStatistic
stat::S
µ::M = 0.0
Ω::P = 1.0

end
residual!(x, S::LocationScaleStatistic) = S.Ω * (x .- S.µ)
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In the above code, the @with_kw macro is available by importing the Parameters.jl package
and allows types to be defined with default values for some of their arguments. By providing
an object of type EWMA as the stat attribute, and setting µ and Ω to be the mean and inverse
square root of the variance calculated on a reference initial sample, the resulting monitoring
statistic defined by the LocationScaleStatistic object will be equivalent to the one defined
in Equation 8.
This approach promotes code reusability and compartmentalization, allowing different moni-
toring statistics to be applied to location-scale families. It also facilitates the implementation
of various residual-based control charts, such as regression-adjusted control charts (see Grigg
and Farewell 2004, for a review), control charts for residuals of time series models (Wiel
1996; Lu and Reynolds 1999; English, Lee, Martin, and Tilmon 2000; Apley and Lee 2008),
and control charts for monitoring principal components (Ranger and Alt 1996; Scranton,
Runger, Keats, and Montgomery 1996; Riaz, Zaman, Mehmood, Abbas, and Abujiya 2021).
It is also worth noting that self-starting control charts, in the sense of Hawkins (1987), can
be easily implemented following this strategy by updating the parameter estimates along-
side the value of the monitoring statistic. This can be easily achieved by specializing the
update_statistic!(::ResidualStatistic, x) function to update the estimates of the pa-
rameters.

Hyperparameter tuning

To solve the optimization problem stated in Equation 1, a large number of OC run lengths are
simulated to evaluate the detection performance. For different tuning parameter values, the
control limit(s) that satisfy the IC constraint are found using one of the algorithms mentioned
in Section 3.2.2. To allow the optimization of the hyperparameters of a monitoring statistic,
the set_design! function needs to be specialized.

set_design!(::AbstractStatistic, ::AbstractVector)

The set_design! function allows for a unified interface for optimization of the hyperparam-
eters. In StatisticalProcessMonitoring.jl, hyperparameter optimization is available via:

1. A multidimensional grid search method based on Algorithm 2 in Qiu (2008), which
works by successively refining a grid of points until convergence to a minimum.

2. Any numerical solver that is available as part of the NLopt.jl package (Johnson 2007).
This package is a wrapper to a powerful C++ library implementing efficient algorithms
for global and local optimization. A recommended method when using this option is the
bound optimization by quadratic approximation (BOBYQA) algorithm (Powell 2009).
This algorithm iteratively computes and optimizes a local quadratic approximation of
the objective function.

A high-level interface is available for optimization of the hyperparameters by means of the
optimize_design! function. The signature of the optimize_design! function is defined as
follows:

optimize_design!(CH::ControlChart,
rlsim_oc::Function,
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settings::OptSettings = OptSettings(CH);
optimizer::Symbol = :Grid,
solver::Symbol = :Bootstrap,
hmax::Float64 = 100.0,
kw...
)

In addition to the ControlChart object, the function requires the following arguments: A
rlsim_oc function, which simulates a run length under the target OC scenario; and an
optional settings object of type OptSettings, which controls various aspects of the hyper-
parameter optimization, such as the bounds on the hyperparameters and the convergence
criteria.
Keyword arguments to the optimize_design! function include an optional Symbol named
optimizer, which indicates the algorithm to be used for hyperparameter optimization. Cur-
rently, supported symbols are :Grid, for grid search, as well as any valid optimizer in the
NLopt.jl package.
In addition, the keyword argument solver specifies the root-finding algorithm for control
limit estimation. If solver is set to :Bisection, the maximum value for the control limit
can be specified using the hmax keyword argument. See Appendix A for a list of available root-
finding algorithms. Additional keyword arguments are passed to the root-finding algorithm
responsible for estimating the control limit.
To minimize the loading time of StatisticalProcessMonitoring.jl, the functions that interface
the hyperparameter optimization with the NLopt.jl package are implemented as an extension
(Bezanson et al. 2017). This extension is loaded only if the using NLopt command is run,
thus reducing the package loading time when hyperparameter tuning is not required.

4. Examples
In this section, four examples are provided to illustrate the use of the StatisticalProcessMon-
itoring.jl package. Before running the examples, we have to make sure that all necessary
packages are loaded. These packages contain utility functions that are useful for tasks such
as generating random numbers, handling data matrices, plotting, and more.

julia> using StatisticalProcessMonitoring, CategoricalArrays, CSV,
DataFrames, Distributions, LaTeXStrings, LinearAlgebra, NLopt,
Parameters, Plots, Random

4.1. Jointly monitoring the mean and covariance using a multi-chart scheme

Here, we provide an example of multiple control charts being run simultaneously. We consider
sequential monitoring of the data from Example 7.7 of Qiu (2013).
In the example, three quality variables resulting from a production process are monitored for
changes. Under IC conditions, the quality variables are are assumed to follow the N3(0, Σ0)
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distribution, where

Σ0 =

1.0 0.8 0.5
0.8 1.0 0.8
0.5 0.8 1.0

 .

The Phase II data have been downloaded from the author’s website and are also provided in
the example77.csv file, which is part of the replication material. To illustrate the flexibility
of the StatisticalProcessMonitoring.jl package, we consider a multi-chart scheme to monitor
both the mean and the variance-covariance matrix of the process. The multi-chart scheme
consists of three MCUSUM charts (Crosier 1988) for monitoring the mean of the process and
a multivariate exponentially weighted moving covariance matrix (MEWMC) control chart
(Hawkins and Maboudou-Tchao 2008) for monitoring changes in the process dispersion.
First, we set the seed for replicability.

julia> seed = 54397858713
julia> Random.seed!(seed)

Then, we initialize the distribution of the observations under IC conditions.

julia> µ = [0, 0, 0]
julia> Σ = [1.0 0.8 0.5; 0.8 1.0 0.8; 0.5 0.8 1.0]
julia> DIST = MultivariateNormal(µ, Σ)

We then define three CUSUM charts with allowance constants, respectively, equal to 0.25,
0.5, and 1. Furthermore, we define a MEWMC control chart with smoothing constant equal
to 0.2.

julia> p = length(µ)
julia> STATS = (MCUSUM(k = 0.25, p = p), MCUSUM(k = 0.5, p = p),

MCUSUM(k = 1.0, p = p), MEWMC(λ = 0.2, p = p))

To account for the mean and covariance of the distribution, the four control charts are applied
to the standardized observations,

Zt = Σ−1/2
0 Xt.

As discussed in Section 3.5.1, the LocationScaleStatistic type provides a convenient in-
terface for standardizing observations in location-scale families. As discussed in Section 3.1.2,
multi-chart monitoring schemes are implemented by constructing a Tuple of monitoring statis-
tics.

julia> Σ_sqm1 = inv(sqrt(Σ))
julia> EST_STATS = Tuple(LocationScaleStatistic(s, µ, Σ_sqm1) for

s in STATS)

Each control chart, for j = 1, . . . , 4, will signal an alarm whenever its value crosses a corre-
sponding upper control limit UCLj . Similarly to the monitoring statistic, for multi-charts the
control limit is also a Tuple of individual control limit objects.

julia> LIMS = Tuple(OneSidedFixedLimit(1.0, true) for _ in 1:4)
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The values of (UCL1, . . . , UCL4) are found so that the MRLIC of the monitoring scheme is
equal to 200, and the MRLIC’s of all individual control charts are equal to each other.

julia> NM = QRL(200, 0.5)

To find the appropriate values of the control limits, Phase II observations are generated from
the IC process distribution.

julia> PH2 = Phase2Distribution(DIST)

After creating the ControlChart object, a bisection approach is used to find the four control
limits that satisfy the specified constraints.

julia> CH = ControlChart(EST_STATS, LIMS, NM, PH2)
julia> h = bootstrapCL!(CH)
julia> print(h)

(h = [14.568353665174286, 8.627690357206408, 4.677555568948659,
2.360499495019121], iter = 8, status = "Convergence")

The joint monitoring scheme is then applied to the Phase II data. To do so, we first load the
data contained in the example77.csv file. The first three data columns contain the observations
of Xt to be monitored using the multi-chart.

julia> data = CSV.read("data/example77.csv", DataFrame)
julia> xnew = Matrix(data)[:, 1:3]

The multi-chart is then applied to the data and the results are plotted.

julia> proc = apply_chart(CH, xnew)
julia> plt = plot_series(proc, dpi = 300, label = "", xlab = L"t",

ylab = L"C_t", subtitles = ["MCUSUM k = 0.25", "MCUSUM k = 0.5",
"MCUSUM k = 1", "MEWMC λ = 0.2"])

Figure 2 shows the application of the multi-chart monitoring scheme to the Phase II data. The
MEWMC control chart signals a change in the dispersion of the observations starting from
the 14th observation. Two of the control charts that monitor the mean of the observations
also detect a change later on in the monitoring phase. However, it should be noted that
the detected mean change might be a spurious signal. As pointed out by Hawkins and
Deng (2009), changes in the process dispersion may erroneously cause the control charts that
monitor the mean to trigger an alarm.

4.2. Residual-based monitoring of autocorrelated data

In this section, we demonstrate how the ResidualStatistic and AbstractPhase2 interfaces
can be extended to accommodate custom data types. Specifically, we focus on monitoring
the residuals of an autoregressive AR(1) model (see, e.g., Shumway and Stoffer 2017),

yt = ϕyt−1 + εt, εt ∼ N(0, 1),
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Figure 2: Joint monitoring of mean and covariance for the Phase II data using four control
charts. The joint monitoring scheme signals an alarm whenever one of the control charts
crosses its corresponding upper control limit.

using an EWMA control chart. To work on the residuals of the AR(1) model, a subtype of
the ResidualStatistic abstract class will be used. In order to write a specialization of the
residual! and new_data! functions, these must be explicitly imported:

julia> import StatisticalProcessMonitoring.residual!,
StatisticalProcessMonitoring.new_data!

We thus define a new type called AR1Statistic, which will be used to apply the statistic to
the residuals of the AR(1) model.

mutable struct AR1Statistic{S} <: ResidualStatistic
stat::S
phi::Float64
ym1::Float64

end

function residual!(x, S::AR1Statistic)
yhat = x - S.phi * S.ym1
S.ym1 = x
return yhat

end

To sample observations an AR(1) process, we can define a new type called Phase2AR1.
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@with_kw mutable struct Phase2AR1 <:
StatisticalProcessMonitoring.AbstractPhase2
phi::Float64
y::Float64 = 0.0
init::Bool = false

end

The initial observation y0 required to sample y1 is initialized using the stationary distribution
N(0, 1/(1 + ϕ2)) when the new_data! function is first called on the Phase2AR1 object:

function new_data!(PH2::Phase2AR1)
if !PH2.init

PH2.y = randn() / sqrt(1 - PH2.phi^2)
PH2.init = true

end
yhat = PH2.phi * PH2.y + randn()
PH2.y = yhat
return yhat

end

The new_data! function samples a new observation from the AR(1) process by updating the
internal attribute y of the Phase2AR1 object with the last sampled observation.
We now consider an AR(1) model with ϕ = 0.5. Using the Phase2AR1 object defined above,
we set up the object for simulating run lengths.

julia> seed = 4398354798
julia> Random.seed!(seed)
julia> phi = 0.5
julia> PH2 = Phase2AR1(phi = phi)

We then define an EWMA control chart applied to the residuals of the AR(1) model, using
the AR1Statistic object defined previously.

julia> STAT = AR1Statistic(EWMA(λ = 0.1), phi, 0.0)

The control chart uses a two-sided control limit of the form (LCLt, UCLt) = (LCL, UCL) for
all t = 1, 2, . . ..

julia> LIM = TwoSidedFixedLimit(1.0)

Furthermore, we set the ARLIC to 500 and create the ControlChart object.

julia> NOM = ARL(500)
julia> CH = ControlChart(STAT, LIM, NOM, PH2)

The smoothing constant of the EWMA control chart is optimized against an anticipated
persistent mean shift of δ = 2 To simulate the run length of a process undergoing the location
shift, the function run_sim_oc provided in the StatisticalProcessMonitoring.jl package is
used.
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Figure 3: EWMA control chart applied to the 100 residuals of an AR(1) model. The dotted
vertical line indicates the change point τ after which observations are shifted by δ = 2. The
dashed lines indicate the estimated control limits such that ARLIC = 500.

julia> delta = 2.0
julia> rlsim_oc = x -> run_sim_oc(x, shift = delta)

Optimization of the smoothing constant is done using the optimize_design! function, which
provides a convenient interface for hyperparameter tuning. We initialize an OptSettings ob-
ject to customize the print messages of the optimization algorithm and also impose constraints
on the value of the smoothing constant λ ∈ (0, 1).

julia> settings = OptSettings(verbose = false, minpar = [0.001],
maxpar = [0.99])

Then, we use the BOBYQA algorithm to find the optimal smoothing constant for the antic-
ipated process shift.

julia> opt = optimize_design!(CH, rlsim_oc, settings,
optimizer = :LN_BOBYQA)

julia> print(opt)

1-element Vector{Float64}:
0.13830568163003895

During the smoothing constant optimization, the control limit that satisfies the ARLIC con-
straint is also estimated. Therefore, there is no need to run a preliminary control limit
estimation procedure.
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We consider 100 Phase II observations from the AR(1) process with ϕ = 0.5. Of these Phase II
data, the first 50 observations are generated under the IC process, while the last 50 undergo
a mean shift of δ = 2.

julia> n = 100
julia> tau = 50
julia> DGP = Phase2AR1(phi = phi)
julia> y = [new_data!(DGP) for _ in 1:n]
julia> y[(tau+1):n] .+= delta

The control chart is then applied to the data and the results are plotted.

julia> proc = apply_chart(CH, y)
julia> plt = plot_series(proc, dpi = 300, label = "", xlab = L"t",

ylab = L"C_t")
julia> vline!(plt, [tau], label = "tau", linestyle = :dot, colour = "black")

As seen by Figure 3, the control chart successfully detects a change in the mean of the process
shortly after the change-point has occurred.

4.3. Monitoring surgical outcomes using a risk-adjusted CUSUM chart

In this example, we demonstrate the use of a risk-adjusted CUSUM chart using the Statis-
ticalProcessMonitoring.jl package. The data comes from a center for cardiac surgery in the
United Kingdom and is contained in the cardiacsurgery variable from the R package spcad-
just. The data is also available in the cardiacsurgery.csv file which is found in the replication
material.

julia> dat = CSV.read("data/cardiacsurgery.csv", DataFrame)
julia> dat.surgeon = categorical(dat.surgeon)

The dataset contains information for 5595 recorded surgeries, including the date, surgeon
(anonymized), an indicator of whether the patient died during follow-up, the time until patient
death (if applicable), and the pre-surgery Parsonnet score. The Parsonnet score is a widely-
used scale for predicting the pre-surgical individual risk of death, and is calculated based on
a combination of factors such as age and pre-existing medical conditions.
Following the approach of Gandy and Kvaløy (2017), we divide the data into Phase I, for
model estimation, and Phase II, for prospective monitoring. Phase I data consists of the first
two years of observations, comprising 1769 cases.

julia> dat_ic = dat[dat.date .<= 730, :]

The goal of this analysis is to monitor potential increases in post-operative patient mor-
tality after adjusting for observed covariates (Steiner et al. 2000). To do so, we estimate
the post-operative mortality rate on the Phase I data using a logistic regression model with
the Parsonnet score as a covariate. Additionally, we include a random intercept to account
for each surgeon’s individual ability. The mixed-effect logistic model is estimated using the
MixedModels.jl Julia package (Bates et al. 2023).
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julia> using MixedModels
julia> mod = fit(MixedModel, @formula(status ~ Parsonnet + (1|surgeon)),

dat_ic, Bernoulli())
julia> print(mod)

Generalized Linear Mixed Model fit by maximum likelihood (nAGQ = 1)
status ~ 1 + Parsonnet + (1 | surgeon)
Distribution: Bernoulli{Float64}
Link: LogitLink()

logLik deviance AIC AICc BIC
-388.8235 777.6471 783.6471 783.6607 800.0816

Variance components:
Column Variance Std.Dev.

surgeon (Intercept) 0.037837 0.194518

Number of obs: 1769; levels of grouping factors: 6

Fixed-effects parameters:

Coef. Std. Error z Pr(>|z|)

(Intercept) -3.65655 0.17509 -20.88 <1e-96
Parsonnet 0.0818093 0.00723527 11.31 <1e-28

For Phase II process monitoring we consider data from the following year, consisting of 779
observations:

julia> dat_oc = dat[730 .< dat.date .<= 1095, :]

We use a risk-adjusted CUSUM control chart to monitor the incoming observations (X⊤
i , Yi),

where Xi contains the Parsonnet score of the patient and the indicator of the surgeon con-
ducting the surgery, and Yi is the binary outcome variable. For detecting a change in
Pr(Yi = 1 | Xi = xi) we use a risk-adjusted CUSUM control chart (Steiner et al. 2000;
Gandy and Kvaløy 2017). The monitoring statistic is defined as

St = max {0, St−1 + Rt} , S0 = 0,

where

Rt = log
{

exp(∆ + x⊤
t β)Yt/(1 + exp(∆ + x⊤

t β))
exp(x⊤

t β)Yi/(1 + exp(x⊤
t β))

}
= Yt∆ · log

{
1 + exp(x⊤

t β)
1 + exp(∆ + x⊤

t β)

}
. (9)

The control chart will signal an alarm whenever St > UCL. In Equation 9, β is substituted
with the estimate β̂ based on the Phase I data. The risk-adjusted CUSUM chart is imple-
mented as the RiskAdjustedCUSUM type, which requires the specification of the value of ∆,
the estimated logistic regression model, and the name of the binary outcome variable.
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In this example, we show an application for monitoring increases of mortality rates, which
are typically more relevant to detect than decreases. We set up the risk-adjusted CUSUM
chart with ∆ = 0.75, which roughly corresponds to a doubling of mortality rate for a baseline
estimated rate of 5.18%.

julia> Random.seed!(239184367)
julia> STAT = RiskAdjustedCUSUM(∆ = 0.75, model = mod, response = :status)

For efficient detection of various magnitudes of increase in mortality rate, multiple control
charts with different ∆ values may also be simultaneously run. We set the IC average run
length to 1000 and initialize the control limit as an upper-decision interval.

julia> NOM = ARL(1000)
julia> LIM = OneSidedFixedLimit(1.0, true)

In-control run lengths for estimating the control limit are simulated by resampling the Phase I
data using bootstrap:

julia> PH2 = Phase2(Bootstrap(), dat_ic)

After creating the ControlChart object, the appropriate value of the control limit is found
using the SA algorithm:

julia> CH = ControlChart(STAT, LIM, NOM, PH2)
julia> h = saCL!(CH, verbose = true, gamma = 0.05)
Running SA ...
Running adaptive gain ...
Estimated gain D = 0.4117860274331409
Running optimization ...
i: 0/50000 h: 2.77856 hm: 0.0 stop: 0
i: 1000/50000 h: 2.86375 hm: 2.9541 stop: 3457
i: 2000/50000 h: 2.94813 hm: 2.95045 stop: 3435
i: 3000/50000 h: 2.92253 hm: 2.95877 stop: 3420
i: 3359/50000 Convergence!

The output of the algorithm indicates that convergence was reached before the default max-
imum number of iterations.

julia> print(h)
(h = 2.9568877844997226, iter = 3359, status = "Convergence")

Figure 4 shows the risk-adjusted CUSUM control chart applied to the Phase II data. The
control chart does not signal any increase in the mortality rate of patients for the considered
prospective data.

julia> proc = apply_chart(CH, dat_oc)
julia> plt = plot_series(proc, dpi = 300, label = "", xlab = L"t",

ylab = L"C_t")
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Figure 4: Risk-adjusted CUSUM control chart with ∆ = 0.75 applied to the Phase II obser-
vations in the dataset. The dashed line indicates the control limit such that ARLIC = 1000.

4.4. Detecting changes in profiles

As mentioned in Section 3.4, the Phase2 type is general enough to work with structured data
types. In this example, we consider the problem of monitoring profiles. A pair of predictors
and responses (Xt, Yt) with Xt, Yt ∈ Rnt are observed at each time point t > 0. Such
functional data are typically characterized by a relationship such as

Ytj = f(xtj) + εij , j = 1, 2, . . . , nt, (10)

where f(xtj) is the unknown function (profile) relating xtj to Ytj , εij
iid∼ Fε, E[εij ] = 0, and

Var[εij ] = σ > 0 for all t and j. Naturally, more complicated settings could be considered,
for instance by assuming multiple cross-correlated profiles (Zhang, Yan, Lee, and Shi 2018)
as well as autocorrelation of the profiles (Qiu et al. 2018; Liu, Du, Zang, Zhang, and Wang
2023). Typically, one is interested in determining changes in the function f as well as changes
in the variance Var[εi].
For this example, we assume for simplicity, that xt are equi-spaced in [0.5, 10] with increments
of 0.5 for all t = −m + 1, . . . , 0, 1, 2, . . ..

julia> n = 500
julia> nj = 20
julia> x_grid = collect(0.5:0.5:10)
julia> xs = Matrix{Float64}(undef, n, nj)
julia> for i in 1:n; xs[i, :] = x_grid; end

After importing the necessary packages and setting the seed for replicability, we consider an
initial sample of 500 IC profiles from the functional process (10) using the standard normal
distribution for Fε.
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julia> Random.seed!(41289355)
julia> ys = sin.(xs) .+ randn(n, nj)

StatisticalProcessMonitoring.jl implements a FunctionalObservation type that can be used
to convenient represent profile data. This data structure contains the sets of predictors xt

and responses yt, as seen from the source code implementation:

@with_kw struct FunctionalObservation{A, B}
x::Vector{A}
y::Vector{B}
@assert length(x) == length(y)

end

Leveraging Julia’s type system, the package provides an alias for representing functional data
as a collection of functional observations.

const FunctionalData{A,B} = Vector{FunctionalObservation{A,B}} where {A,B}

Using the available FunctionalData structure and assuming independence of the pairs (Xt, Yt)
and (Xs, Ys) for any t and s, a suitable Phase II object to simulate run lengths for a functional
control chart to monitor the stability of Equation 10 can easily be defined as follows:

julia> dat = FunctionalData(xs, ys)
julia> PH2 = Phase2(Bootstrap(), dat)

Here, we show an example of profile monitoring using the nonparametric exponentially weighted
moving average (NEWMA) control chart (Zou, Tsung, and Wang 2008; Yang et al. 2017).
The estimate f̂ of the IC profile f is obtained using the locally estimated scatterplot smooth-
ing (LOESS) estimator (Savitzky and Golay 1964; Cleveland 1979), which is implemented in
the Loess.jl Julia package (Noack, Jones, Arslan, and Fields 2013).

julia> using Loess
julia> g = loess(vec(xs), vec(ys), span = 0.3)
julia> plt = plot(minimum(xs):0.01:maximum(xs), (x) -> predict(g, x),

linewidth = 1.75, label = L"\hat{f}(x)", xlab = L"x", ylab = L"y",
dpi = 300)

julia> scatter!(plt, vec(xs), vec(ys), markersize = 1, label = "",
colour = "black")

Figure 5 shows the reference sample alongside the nonparametric estimate of the profile using
the LOESS estimator. A bandwidth of 0.3 appears to provide a reasonable estimate of the
curve without overfitting the data.
The NEWMA control chart is then defined as

Ct = E⊤
t Et, t = 1, 2, . . . , C0 = 0,

where Et is recursively updated using the following EWMA-type smoother,

Et = (1 − λ)Et−1 + λUt, t = 1, 2, . . . . (11)
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Figure 5: In-control data and estimated profile using the LOESS estimator.

In Equation 11, λ ∈ (0, 1) is a smoothing constant and

Ut =
(

Zt

Φ−1
(
F̂0(σ̂t)

)) ,

where Ztj =
(
ytj − f̂(xtj)

)
/σ0 for all j = 1, . . . , nt is the vector of the standardized residuals

from the estimated IC profile f̂ , σ̂t is the estimate of the standard deviation of the residuals
Zt, Φ is the cumulative distribution function of the standard Normal distribution, and F̂0 is
an estimate of the IC cumulative distribution function F of σt. In the original formulation of
the control chart, the authors use a parametric approximation to estimate F . In this example,
we estimate F using the empirical cumulative distribution function of (σ̂−m+1, . . . , σ̂0).
To monitor incoming Phase II observations, we define a NEWMA chart with smoothing
parameter λ = 0.2, consistently with the value used by Zou et al. (2008).

julia> STAT = NEWMA(0.2, g, dat)

We also use an upper decision interval (−∞, UCLt) with constant false-alarm rate (Yang et al.
2017), which is sequentially estimated using 1000 bootstrap simulations.

julia> LIM = OneSidedBootstrapLimit(STAT, true, 1000)

The nominal in-control average run length of the control chart is then set to 500.

julia> NM = ARL(500)

The ControlChart object is then initialized. Since the control limit is dynamically estimated
using sequential bootstrap, no preliminary control limit calculation is required before applying
the control chart for monitoring new profiles.
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Description Profile
In-control Ytj = sin xtj + εij

Profile shift Ytj = sin xtj + 2 cos xtj + εij

Variance shift Ytj = sin xtj + 2εij .

Table 1: Data-generating processes considered for the Phase II observations in the profile
monitoring example.

Figure 6: NEWMA control chart applied to the Phase II profiles. The dashed line in each
plot indicates the estimated control limit such that ARLIC = 500 and the conditional false
alarm rate is constant.

julia> CH = ControlChart(STAT, LIM, NM, PH2)

The NEWMA control chart is then applied to three sequences of Phase II data of length 150.
The three sequences are sampled from each of the data-generating processes listed in Table 1.

julia> n2 = 150
julia> xs_oc = xs[1:n2, :]
julia> ys_ic = sin.(xs_oc) .+ randn(n2, nj)
julia> ys_oc = sin.(xs_oc) + 2*cos.(xs_oc) .+ randn(n2, nj)
julia> ys_oc2 = sin.(xs_oc) .+ 2*randn(n2, nj)

The matrices containing the Phase II observations are then converted to FunctionalData
objects to apply the control chart.

julia> dat_ic = FunctionalData(xs_oc, ys_ic)
julia> dat_oc = FunctionalData(xs_oc, ys_oc)
julia> dat_oc2 = FunctionalData(xs_oc, ys_oc2)
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Then, the control chart is run on the three data sequences.

julia> proc_ic = apply_chart(CH, dat_ic)
julia> proc_oc = apply_chart(CH, dat_oc)
julia> proc_oc2 = apply_chart(CH, dat_oc2)

The results of applying the NEWMA control chart to the Phase II sequences are displayed in
Figure 6. The plots show the values of the NEWMA control chart in the three cases, with the
estimated control limits as a black dashed line. The control chart correctly detects the change
in both the profile shift and variance shift. When the process is IC, no change is detected by
the control chart.

5. Conclusion
StatisticalProcessMonitoring.jl is a Julia package which provides a general framework for
statistical process monitoring. In addition to implementing various control charts, the main
features of the package include algorithms for automatic estimation of the control limits, and
optimization of the tuning parameters of a control chart. The package interface allows users
to define a wide range of control charts for univariate, multivariate, and structured data types.
The package is available on the JuliaHub General registry (https://juliahub.com/ui/
Packages/General/StatisticalProcessMonitoring) and can be installed from within Julia
by executing the following code.

julia> using Pkg
julia> Pkg.add("StatisticalProcessMonitoring")
julia> using StatisticalProcessMonitoring

The package is released under the GNU GPL license version 3 and is undergoing active
development, which can be followed at the Github page https://github.com/DedZago/
StatisticalProcessMonitoring.jl. Future developments for the package include:

• Supporting the adjustment of control limits for parameter estimation using resampling
methods such as the AR-sieve bootstrap (Capizzi and Masarotto 2009) and the guar-
anteed in-control performance methodology (Gandy and Kvaløy 2013).

• Implementing additional Phase II monitoring statistics, as well as monitoring statistics
based on the change-point model (Hawkins et al. 2003).

• Implementing parametric and nonparametric Phase I control charts.

Computational details
The results in this paper were obtained using Julia 1.10.0 running on Ubuntu 22.04.1. All
packages and dependencies are listed alongside their version in the Manifest.toml file, which
is found in the replication material. Julia itself can be downloaded from https://julialang.
org/downloads/, whereas all packages used are available from the Julia ecosystem and can

https://juliahub.com/ui/Packages/General/StatisticalProcessMonitoring
https://juliahub.com/ui/Packages/General/StatisticalProcessMonitoring
https://github.com/DedZago/StatisticalProcessMonitoring.jl
https://github.com/DedZago/StatisticalProcessMonitoring.jl
https://julialang.org/downloads/
https://julialang.org/downloads/
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be installed using the built-in package manager Pkg. The exact version of the packages used
in the above simulations in the paper are listed in the Manifest.toml file. To access the
built-in package manager in interactive mode, the ] key can be pressed in the Julia REPL.
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