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Abstract

With the rapid development of sequencing technology, the costs of individual geno-
typing have been reduced dramatically, leading to genomic prediction and genome-wide
association studies being widely promoted and used to predict the unknown phenotypes
and to locate candidate genes for animal and plant economic traits and, increasingly, for
human diseases. Developing new advanced statistical models to improve prediction ac-
curacy and location precision for the traits with various genetic architectures has always
been a hot topic in those two research domains. The Bayesian regression model (BRM)
has played a crucial role in the past decade, and it has been used widely in relevant genetic
analyses owing to its flexible model assumptions on the unknown genetic architecture of
complex traits. To fully utilize the available data from either a self-designed experimen-
tal population or a public database, statistical geneticists have constantly extended the
fitting capacity of BRM, and a series of new methodologies have been proposed for dif-
ferent application scenarios. Here we introduce the R package hibayes, a software tool
that can be used to fit individual-level, summary-level, and single-step Bayesian regres-
sion models. Including also the richest methods achieved thus far, it covers most of the
functionalities involved in the field of genomic prediction and genome-wide association
studies, potentially helping to address a wide range of research problems, while retaining
an easy-to-learn and flexible-to-use experience. We believe that package hibayes will fa-
cilitate the academic research and practical application of statistical genetics for humans,
plants, and animals.
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1. Introduction
The phenotypes of agricultural traits and human diseases are the results of the combined
influence of genetic and environmental factors. Since the genetic effects are invisible and can-
not be measured directly, accurately estimating the genetic components from the recorded
observations has always been a prominent and critical topic in statistical genetics. The linear
mixed-effects model which fits the environmental factors as fixed or random effects has made
great achievements in quantifying the environmental contributions to phenotypic observa-
tions, and the R (R Core Team 2025) packages lme4 (Bates, Mächler, Bolker, and Walker
2015) and brms (Bürkner 2017) have became the most efficient and convenient tools to fit this
kind of model. In the mid-20th century, the BLUP (best linear unbiased prediction) model
(Henderson 1975), which can directly estimate the genetic value of each individual using the
phenotypic observations, environmental records, and a relationship matrix derived from a
historical pedigree, was proposed and adopted in livestock breeding data analysis. Since the
BLUP used a pedigree-based relationship matrix, the model included genetic effects. However,
the elements in the pedigree-based relationship matrix are values in theoretical expectations
and the matrix could not capture the Mendelian sampling error fully, resulting in the same
predictive performance for all sibling progeny. With the development of sequencing technol-
ogy, high density genomic markers across the entire genome could be obtained and genomic
prediction which essentially models the markers as independent variables and the phenotypic
records as the dependent variables was proposed subsequently by Meuwissen, Hayes, and
Goddard (2001). Compared with the traditional BLUP approach, using the genome-wide
markers could capture Mendelian sampling error and genetic links through unknown com-
mon ancestors. Thus, genomic prediction is far more powerful at predicting almost all of the
agricultural traits and human diseases. However, the number of markers m usually exceeds
the number of individuals n, m ≫ n, making the regression model an undetermined system.
Much effort has been made by statistical geneticists worldwide to address this problem and to
further improve the predictive performance on the traits and diseases (de los Campos, Hickey,
Pong-Wong, Daetwyler, and Calus 2013; Wang, Tsuo, Kanai, Neale, and Martin 2022).
The most commonly used strategy to overcome this issue is to construct a genomic relation-
ship matrix (GRM) using all the available markers, and then use this GRM to replace the
pedigree-based relationship matrix in the BLUP model, known as genomic BLUP (GBLUP).
This approach is simple, robust and has been implemented in some already existing software
tools, e.g., BLUPF90 (Misztal et al. 2002) and HIBLUP (Yin et al. 2023). The GBLUP
model assumes that all markers have equal contributions to the population genetic variation
as their effects are considered to come from the same distribution. Obviously, this rough as-
sumption is not appropriate for some of the traits, especially for those that are controlled by
several major genes. Another more reasonable strategy is to fit a Bayesian multiple regression
model, known as individual level Bayesian model, which can assign flexible prior distributions
to marker effects (i.e., regression coefficients). The crucial and difficult point is how to de-
fine this prior assumption appropriately, because the prediction accuracy of a trait or disease
highly depends on how the prior assumptions approximate the practical genetic architec-
tures. Statistical genetics researchers have constantly been devoted to optimizing the prior
assumption of the marker effects distribution, and a series of Bayesian methods have been
proposed, collectively being called “Bayesian alphabet” (Gianola 2013). However, none of the
methods can consistently outperform the others across different traits or diseases, because the
underlying genetic architecture is far more complex than the assumptions of a model (Wray,
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Wijmenga, Sullivan, Yang, and Visscher 2018). Package BGLR (Pérez and de los Campos
2014) is the most widely used tool to fit an individual level Bayesian model. Nevertheless,
the methods implemented in BGLR are limited and its use needs to be complemented with
the use of more advanced methods that are proposed lately to meet the needs of researchers.
In practice, it is always difficult to genotype all individuals for a very large population. To
also utilize the phenotypic observations of non-genotyped individuals, Fernando, Dekkers,
and Garrick (2014) proposed a single-step Bayesian regression model, which could simultane-
ously integrate pedigree, genotype, and phenotype data in a Bayesian linear model. The core
idea of the single-step Bayesian regression model is to impute the genotype of non-genotyped
individuals in pedigree from the information of genotyped individuals by using a pedigree-
based additive relationship matrix. As more phenotypic observations are used in the model,
its prediction accuracy for genotyped individuals is higher than that of the individual level
Bayesian model, and for non-genotyped individuals, the prediction accuracy also increases
significantly compared with the pedigree-based BLUP model owing to the inclusion of the
imputed genotype. Nevertheless, there are only a few tools available to fit the single-step
Bayesian model. Package JWAS developed by Cheng, Fernando, and Garrick (2018), written
in Julia (Bezanson, Edelman, Karpinski, and Shah 2017), is currently the only choice. How-
ever, the number of users and developers worldwide who use Julia is not comparable with the
number who work in R.
To fit the individual level or single-step Bayesian regression model, the individual level data
including the genome-wide markers and one or several phenotypes measured on the same
individuals necessarily need to be provided. However, the individual level data are some-
times not publicly accessible for some reasons of protection of personal privacy and legal
or non-legal policies, especially in the field of human-related research. Therefore, there are
now continuously increasing genome-wide association studies (GWAS) summary statistical
datasets publicly available on hundreds of complex traits, each of which consists of the esti-
mated marginal effect and variance at millions of markers. The restricted access to individual
level data has motivated statistical geneticists to develop new methodological frameworks
that only require publicly available summary level data. In recent years, Zhu and Stephens
(2017) firstly introduced the individual level Bayesian regression model into summary level
statistical analyses, and then a new advanced method named “SBayesR” was proposed (Lloyd-
Jones et al. 2019). The results showed that SBayesR outperformed any of the other existing
non-Bayesian methods in terms of prediction accuracy. The summary level Bayesian model
successfully transforms the determinant of computational complexity from the number of in-
dividuals into the number of markers, making it also very promising for handing the livestock
breeding data with large number of individuals that are genotyped by only few markers. As
the summary level Bayesian model is still fresh to the public, currently the only tool to fit
the summary level Bayesian model is GCTB, written in C++ by Zeng et al. (2018).
In addition to genomic prediction, Bayesian regression models can also be applied to genome-
wide association studies (GWAS; Fernando and Garrick 2013), which test the statistical sig-
nificance of regression coefficients for genomic markers. Since the first publication in 2002
(Ozaki et al. 2002), GWAS had great success in locating candidate genes for human diseases,
as well as for plant and animal agricultural economic traits, bringing new insights into under-
standing of the genetic architecture for complex traits. Meantime, a series of advanced models
have been developed for GWAS to overcome the population confounding problem which may
cause false positive associations. Some of these models include the general linear model in
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Plink (Purcell et al. 2007), the mixed linear model in GCTA (Yang, Lee, Goddard, and Viss-
cher 2011), and the multiple locus “FarmCPU” model in rMVP (Yin et al. 2021). However,
because all the models above are based on testing one marker or only small parts of mark-
ers jointly at a time, the significant associations explain only a small fraction of the genetic
variance of traits. Additionally, as the number of tests for these models can be very large,
controlling the genome-wise error rate results in very low power. In contrast, the Bayesian
regression model simultaneously fits all markers jointly as random effects and could be able
to account for more genetic variance. An additional advantage is that the power of detecting
associations is not inversely related to the number of tested markers (Fernando, Toosi, Wolc,
Garrick, and Dekkers 2017). Thus, the Bayesian regression model is an alternative option for
GWAS analysis, but implementations in software tools are still not readily available.

As discussed above, the three types of Bayesian models can utilize different types of data
and have unique application scenarios in a wide range of research topics. On the one hand,
although different software tools have been developed for different types of Bayesian regression
models, the provided models and methods are usually limited. For example, packages lme4
and brms can fit the general mixed-effect model, but cannot handle the tremendous number
of genomic markers; package BGLR can only fit the individual level Bayesian model, and it
needs to be freshened with more advanced methods; package JWAS cannot implement the
summary level Bayesian regression model; and the GCTB software cannot be used to fit the
single-step model. On the other hand, the existing tools are written via different programming
languages, such that their joint use requires users to be familiar with multiple programming
languages (e.g., R, Julia, shell scripts), to distinguish the numerous functional parameters and
to adapt to the different usage style of various tools. Moreover, the format of the input file
for the same data (e.g., genotype) even varies across tools, and the returned results are hard
to keep unified, making it expensive to get a comfortable user experience in terms of effort
and time spent. The reasons described above motivated us to develop a comprehensive tool
which enables the users to easily implement three types of Bayesian regression models with
flexible parameter settings to conveniently switch to any of to desired methods.

Herein, we present package hibayes (Yin, Zhang, and Liu 2025), a feature-rich and user-
friendly package developed on the open-source platform R. The package contains the richest
methods achieved thus far, and it is the only tool that can simultaneously fit three types
of Bayesian models using individual level, summary level, and individual plus pedigree level
(single-step) data for both genomic prediction and genome-wide association studies. It was
designed to estimate joint effects of markers, genetic and non-genetic parameters for a complex
trait, including: (1) fixed effects and regression coefficients; (2) environmental random effects
and their variances; (3) genetic variance; (4) residual variance; (5) heritability; (6) genomic
estimated breeding values for both genotyped and non-genotyped individuals; (7) marker
effects; (8) phenotype/genetic variance explained (PVE) by single or multiple markers; (9)
window posterior probability of association (WPPA); and (10) posterior inclusive probability
(PIP). The provided functionalities of package hibayes are not fixed, and we will keep enriching
package hibayes with more features according to the feedback from users worldwide. In
Table 1, we roughly compare the inputs, direct returns, available methods and models, and
functionalities involved in most of the genetic analyses for the implementations in the packages
brms, BGLR, JWAS, GCTB, and hibayes. It is obvious that package hibayes could be more
attractive and competitive than others. Thus we believe that package hibayes will facilitate
academic research and practical application of statistical genetics for humans, plants, and
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Models
Features brms BGLR JWAS GCTB hibayes
Language R R, C++ Julia C++ R, C++
Version 2.19.0 1.0.9 1.0.0 2.04.3 3.0.0

Individual
level

Bayesian
model

Covariates
√ √ √ √ √

Fixed effects
√ √ √

×
√

Random effects
√

×
√ √ √

Envir-interactions
√ √ √

×
√

Variance components
√ √ √ √ √

PIP × ×
√ √ √

WPPA × ×
√

×
√

Marker effects ×
√ √ √ √

GEBVs × ×
√

×
√

Residuals
√

× × ×
√

Available methods × RR, A, B,
Cpi, L

RR, A, B,
Bpi, C,
Cpi, L

RR, A, B,
Bpi, C,

Cpi, S, R

RR, A, B,
Bpi, C, Cpi,

L, BSLMM, R

Summary
level

Bayesian
model

Variance components × × ×
√ √

PIP × × ×
√ √

WPPA × × × ×
√

Marker effects × × ×
√ √

Available methods × × × C, Cpi, R
CG, RR, A,
B, Bpi, C,
Cpi, L, R

Single-step
Bayesian

model

Covariates × ×
√

×
√

Fixed effects × ×
√

×
√

Random effects × ×
√

×
√

Envir-interactions × ×
√

×
√

Variance components × ×
√

×
√

PIP × ×
√

×
√

WPPA × ×
√

×
√

Marker effects × ×
√

×
√

GEBVs × ×
√

×
√

Residuals × × × ×
√

Available methods × ×
RR, A, B,

Bpi, C,
Cpi, L

×
RR, A, B,

Bpi, C, Cpi,
L, R

Table 1: Rough comparisons of inputs, direct returns, and available models and methods in
the domain of statistical genetics for brms, BGLR, JWAS, GCTB, and hibayes.

animals. The hibayes package is free software, licensed under the Apache License 2.0, openly
available from the Comprehensive R Archive Network (CRAN) at https://CRAN.R-project.
org/package=hibayes, and the latest version in development could be installed from GitHub
at https://github.com/YinLiLin/hibayes.

https://CRAN.R-project.org/package=hibayes
https://CRAN.R-project.org/package=hibayes
https://github.com/YinLiLin/hibayes
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2. Description of models and methods
In Bayesian statistics, inferences of unknown parameters of a model are based on their pos-
terior distributions. Let θ denote all the unknown parameters in the model, then the density
function of full conditional distributions can be expressed as

f(θi|θ−i, y) = f(y|θ)f(θi)f(θ−i)
f(θ−i, y) ∝ f(y|θ)f(θi)f(θ−i), (1)

where θi and θ−i are the ith element and all other elements in θ, respectively. y is the
vector of observations. f(y|θ) is the density function of the conditional distribution of y
given the values of the unknowns specified by θ. f(θi) and f(θ−i) are the densities of the
prior distributions of θi and θ−i. Markov chain Monte Carlo (MCMC) sampling is commonly
used to draw inferences from posterior distributions, and the most widely used method to
construct such a Markov chain is the Gibbs sampler. By implementing a MCMC iterative
process, all the elements in θ can be inferred from a number of iterations.

2.1. Individual level Bayesian model

The individual level Bayesian model is essentially a version of a mixed-effect model, which
describes the phenotypic observations as a function of some variables, including fixed effects,
covariates, environmental random effects, and high dimensional genomic markers. The model
could be mathematically formulated as

y = µ + Xβ + Rr + Mα + e, (2)

where y is the vector of the phenotypic observations, µ is the intercept, X represents the
design matrix for the fixed effects and covariates, and β denotes its regression coefficients.
R is the design matrix for environmental factors and r denotes the estimated effects. To
simplify the model, it is common to assume that the random effects are independent with
each other, thus the covariances among random effects are generally ignored. This implies
that the elements of r are assumed to be independent and identically distributed as N (0, σ2

r ).
M is the genotype covariate matrix (e.g., 0, 1, 2 for genotype AA, AB, BB) with a dimension
of n × m, where n and m are the number of individuals and genomic markers, and α denotes
the estimated marker effects, of which the elements are assumed to follow a mixture of normal
distributions (i.e., zero mean and different variances σ2

α) with the mixing proportions π. e
is the vector of residuals which independently follow the normal distribution N (0, σ2

e). Let
θ = (µ, β, r, α, π, σ2

r , σ2
α, σ2

e) denote all the unknown parameters in Model 2.
The full conditional distribution of a parameter in the Gibbs sampler is constructed by us-
ing the most recent estimates of the other parameters. Thus, it is required to adjust the
phenotype observations y for all other effects in the model, which is considered to be time-
consuming due to large matrix operations. In package hibayes, we implemented another
commonly used strategy which employs the real-time model residuals y∗ and the sampled
value of the parameter at the previous iteration to construct its full conditional distribution.
The detailed descriptions are given in Appendix A. To start up the MCMC iterations, all
unknown parameters should be initialized to get y∗ as follows:

y∗ = y − µ[0] − Xβ[0] − Rr[0] − Mα[0], (3)
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where µ[0], β[0], r[0], α[0] are the start values for µ, β, r, α, respectively. In package hibayes,
the intercept µ[0] is set to the average of the dependent variable y, and β[0], r[0], and α[0] are
set to zeros.

Fixed effects and environmental random effects
When including a recorded environmental factor in the model, it is necessary to determine
whether to treat it as a fixed or random effect. If the levels of the records for this factor can
fully cover all the possibilities of the entire population, it is usually treated as a fixed effect,
otherwise it is in general more appropriate to be fitted as random term in the model.
The fixed effects and regression coefficients β are assumed to have flat priors as discussed by
Sorensen and Gianola (2002), i.e., improper uniform priors. Thus the density function is a
constant, denoted by f(β) ∝ c. By employing the ordinary least squares (OLS) method, the
full conditional distribution of βj can be easily constructed, as described in Appendix B.
The environmental random effects r are a priori assumed to follow the normal distribution
N (0, Iσ2

r ), and can be either estimated by a single-site Gibbs sampler (Sorensen and Gianola
2002) or a block Gibbs sampler (García-Cortés and Sorensen 1996; Lund and Jensen 1999).
The variance σ2

r is a priori assumed to have a scaled inverse chi-square distribution. The
construction of the full conditional distribution and the detailed sampler schedule for the
random effects r and the variance σ2

r can be found in Appendix C.

Genomic marker effects
How many markers potentially affect the phenotype (π) and which distribution (σ2

α) their
effects come from are the key and difficult points in estimation of the marker effects. The
prediction accuracy of a trait or disease depends on how well the prior assumptions of marker
effects align with the actual genetic architecture. The closer these assumptions reflect the true
genetic architecture, the higher the prediction accuracy will be. However, the true genetic
architecture of a trait or disease is cryptic and complex, which makes the prior assumption
of marker effects very challenging. At present, the prior assumption of marker effects can be
essentially classified into two categories. The first category assumes the effect of each marker
to follow an independent normal distribution with a zero mean and unique variance,

(αj | π0, σ2
αj

) ∼

 0 with probability π0,

N
(
0, σ2

αj

)
with probability 1 − π0,

(4)

where π0 is the probability of being assigned to the zero effect component for the jth marker
(or generally known as the proportion of markers with zero effect). The methods BayesA,
BayesB, BayesBpi, BayesLASSO are based on the above prior category. The second category
of priors also assumes independent normality, but it allocates the genomic markers into differ-
ent groups, where the markers in the same group share the same variance and the variances
of different groups are varied,

(αj | π, σ2
αj

) ∼



0 IP(σ2
αj

= 0) = π0

N
(
0, σ2

α1

)
IP(σ2

αj
= σ2

α1) = π1
...

N
(
0, σ2

αk

)
IP(σ2

αj
= σ2

αk
) = πk

(5)
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Method Prior distribution Brief description Reference

BayesRR αj ∼ N (0, σ2
α) all markers have effects with

same variance
Meuwissen et al.

(2001)

BayesA αj ∼ N (0, σ2
αj

)
σ2

αj
∼ χ−2(ν, S)

all markers have effects with
unique variances

Meuwissen et al.
(2001)

BayesB αj ∼ 0.95δ0 + 0.05N (0, σ2
αj

)
σ2

αj
∼ χ−2(ν, S)

5% markers have effects
with unique variances

Meuwissen et al.
(2001)

BayesBpi αj ∼ π0δ0 + (1 − π0)N (0, σ2
αj

)
σ2

αj
∼ χ−2(ν, S)

(1 − π0) markers have effects
with unique variances, π0 is

estimated

Meuwissen et al.
(2001)

BayesC αj ∼ 0.95δ0 + 0.05N (0, σ2
α) 5% markers have effects

with same variance

Habier, Fernando,
Kizilkaya, and Garrick

(2011)

BayesCpi αj ∼ π0δ0 + (1 − π0)N (0, σ2
α)

(1 − π0) markers have effects
with same variance, π0 is

estimated
Habier et al. (2011)

BayesL αj ∼ N (0, σ2
αj

)
σ2

αj
∼ Expon(λ2/2)

all markers have effects with
unique variances Yi and Xu (2008)

BSLMM αj ∼ (1 − π)N (0, σ2
α1 )

+ πN (0, σ2
α1 + σ2

α2 )

all markers have effects and
are assigned into 2 groups
with unique variances, π is

estimated

Zhou, Carbonetto, and
Stephens (2013)

BayesR αj ∼ π0δ0 + π1N (0, 10−4σ2
α)

+π2N (0, 10−3σ2
α) + π3N (0, 10−2σ2

α)

(1 − π0) markers have effects
and are assigned into 3

groups with graded
variances, π is estimated

Moser, Lee, Hayes,
Goddard, Wray, and

Visscher (2015)

Table 2: Prior assumptions of marker effect distributions for the methods implemented in
package hibayes. δ0 represents the size of the marker effect equal to zero, other mathematical
symbols are completely consistent with that in the main text.

where π0 and πl, l = 1, . . . , k are the sub-elements of the vector π. πl is the probability of
being assigned to the lth normal distribution (i.e., the l + 1th value in the vector of π where
π0 is the first element), of which the variance is σ2

αl
. Futhermore, π0 + π1 + . . . + πk = 1, and

IP is the probability. The methods BayesRR, BayesC, BayesCpi, BSLMM, BayesR rely on
the second type of priors. Since different methods have various prior assumptions, none of
the methods can always outperform the others across different traits (Yin et al. 2020; Meher,
Rustgi, and Kumar 2022). It is thus valuable and necessary to integrate more methods in
a software tool to accommodate the wide complexity of genetic architecture of traits and
diseases. The different prior assumptions on the marker effects and the variance distributions
for the methods in package hibayes are summarized in Table 2. When marker effect αj is
non-zero, its full conditional distribution can be mathematically formulated as follows:

(α[i]
j | y∗, M , α

[i−1]
j , σ2

αj
, σ2

e) ∼ N

M⊤
j y∗ + M⊤

j M jα
[i−1]
j

M⊤
j M j + σ2

e/σ2
αj

,
σ2

e

M⊤
j M j + σ2

e/σ2
αj

 , (6)

where y∗ is the real-time model residuals which can be obtained on the conditions of y and the
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sampled µ, β, r, α. α
[i]
j represents the jth element of the marker effect α at the ith Markov

chain iteration. M j represents the coded genotype vector for the jth markers (column j of
matrix M). For the methods where the prior assumptions include zero effect markers (i.e.,
π0 ̸= 0) or have several groups of normality, it must be known to which distribution the jth
genomic marker belongs for the current iteration before sampling αj from its full conditional
distribution. Therefore, it is required to calculate all likelihoods assuming the considered
genomic marker j being in one of the nπ (the number of elements of π) distributions at a
time with the respective probability π. The log likelihood that the jth genomic marker is in
distribution k can be expressed as

Lπk
= −1

2

log
(

M⊤
j M jσ2

αk

σ2
e

+ 1
)

−

(
M⊤

j y∗ + M⊤
j M jαj

)2

(M⊤
j M j + σ2

e/σ2
αk

)σ2
e

+ log(πk). (7)

The detailed mathematical derivations for Lπk
can be found in Lloyd-Jones et al. (2019).

Then, as described by Erbe et al. (2012), the probability that marker j is in distribution k is

IP(σ2
αj

= σ2
αk

) = 1
nπ∑
i=1

exp(Lπi − Lπk
)
. (8)

Based on these probabilities, we can select the corresponding distribution to sample the
marker effect by using a uniform random variate u from U(0, 1) and the probabilities of the
marker being in each of the normal distributions, that is the lowest k where πk ≥ u. Once the
distribution for marker j has been confirmed, the marker effect αj can be sampled according
to Equation 6, and its corresponding model residuals y∗ can be updated subsequently as

y∗ = y∗ + M j(α[i−1]
j − α

[i]
j ). (9)

By repeating the same steps above for markers one by one, the effects α can be obtained for the
current Markov chain iteration. Meanwhile, we can record the number of markers allocated
into different distributions for the current iteration. Let η = (m1, m2, . . . , mk, . . . , mnπ ),
where m1 + m2 + . . . + mk + . . . + mnπ = m, and m is the total number of markers. If π
needs to be estimated, it can be sampled from a beta distribution when there are only 2
distributions, e.g., η = (mπ0 , m − mπ0) with mπ0 the number of genomic markers in zero
effect, then we have

(π0 | mπ0) ∼ Beta(mπ0 + 1, m − mπ0 + 1). (10)

When the number of distributions is bigger than 2 (nπ > 2), only the Dirichlet distribution
is adaptable for sampling (e.g., for the BayesR method), that is (π | η) ∼ Dir(nπ, η + 1).
The prior distribution for the variances of the marker effects is a scaled inverse chi-square dis-
tribution. For the methods where each marker has a unique variance as shown in Equation 4,
the sampling of the variance should be implemented immediately after the effect of the single
marker is updated, and the full conditional distribution is

(σ2
αj

| αj) ∼
(
αj · αj + ναS2

α

)
χ−2

να+1, (11)

where να and S2
α are the degrees of freedom and the scale parameter, respectively. For

the methods where markers are allocated into different normal distributions as shown in
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Equation 5, the sampling of the variance is implemented after sampling of the effect for the
last genomic marker, and the full conditional distribution can be referred as

(σ2
α | α, mπ0) ∼

(
α⊤α + ναS2

α

)
χ−2

να+m−mπ0
. (12)

In the BayesR method, the variances of the normal distributions of the different groups of
markers are scaled relative to a temporary base variance, σ2

αγ
, using predefined scale factors

γ = (0, 0.0001, 0.001, 0.01). It is not necessary to sample the variance for each group indi-
vidually; instead, only the base variance σ2

αγ
is sampled. Details of the sampling procedure

for σ2
αγ

are provided in Appendix D. The BSLMM method has an additional multivariate
normal term in the model compared to the BayesCpi method. We thus implemented an effi-
cient eigen decomposition based block Gibbs sampler under the framework of the BayesCpi
method; more details are given in Appendix E.

Residual effects

The vector of model residuals y∗ is updated after any of the model parameters (µ, β, r, α)
is sampled from its corresponding full conditional distribution. The prior assumption on the
variance of the residuals σ2

e is that it follows a scaled inverse chi-square distribution, which can
be updated at the end of every single Markov chain iteration by the following full conditional
distribution,

(σ2
e | µ, β, r, α, y) ∼

(
y∗⊤y∗ + νeS2

e

)
χ−2

νe+n, (13)

where νe = −2, and S2
e = 0 by default in package hibayes.

2.2. Summary level Bayesian model

Restricted access to individual level data has motivated methodological frameworks that only
require publicly available summary level data, one of which is the Bayesian summary statistics
proposed in recent years (Zhu and Stephens 2017; Lloyd-Jones et al. 2019). The summary
level Bayesian model can be written as

b = D− 1
2 BD

1
2 α + e∗, (14)

which can be inferred from the individual level Bayesian model as detailed in Appendix F.
b is the vector of the marginal effects (also known as regression coefficients), which can be
obtained from summary data directly. D is a diagonal matrix with diagonal elements given
by {M⊤

j M j}j∈{1,...,m}. These are equal to {2njpjqj}j∈{1,...,m} if the markers are in Hardy-
Weinberg equilibrium, where n, p, and q are the sample size, the frequency of the reference
allele and the frequency of the alternate allele for all markers. All these quantities can also be
obtained from summary data. B is the correlation matrix of all genomic markers, it can be
derived from the publicly available reference genotype panel (e.g., the 1000 Genomes Project,
The 1000 Genomes Project Consortium 2015). The unknown parameters of Model 14 are
θ = (α, π, σ2

α, σ2
e).

As described in Section 2.1, to sample the marker effect αj using Equation 6 and to calculate
the log likelihoods for all distributions using Equation 7 for marker j, it requires the key
components including M⊤

j M j and M⊤
j y∗. M⊤

j M j is the diagonal element of D, which
can be easily accessed by Djj . The main challenge is to get M⊤

j y∗. Since y∗ is the vector
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of model residuals and the phenotype observations y are not available in summary data, y∗

cannot be accessed and updated directly in Markov chains. Instead of computing and storing
y∗ as in the individual level model, this problem can be addressed by computing and storing
M⊤y∗ for the summary level model. Multiplying Equation 9 by M⊤ one arrives at

M⊤y∗ = M⊤y∗ + M⊤M j(α[i−1]
j − α

[i]
j ), (15)

since the variance-covariance matrix V = M⊤M/n = D
1
2 BD

1
2 , the component M⊤M j

can be written as M⊤M j = njV j , where V j is a vector of the jth column of V , which can
be obtained on the basis of D and B. Let ϕ = M⊤y∗, we can rewrite the equation above as

ϕ = ϕ + njV j(α[i−1]
j − α

[i]
j ). (16)

At the beginning of the MCMC iterations, the start value is ϕ[0] = Db and we can refresh ϕ
for any update of α to implement a Gibbs sampler. Following Equation 6, the full conditional
distribution of αj can be written as

(α[i]
j | ϕ, D, α

[i−1]
j , σ2

αj
, σ2

e) ∼ N

ϕj + Djjα
[i−1]
j

Djj + σ2
e/σ2

αj

,
σ2

e

Djj + σ2
e/σ2

αj

 (17)

The log likelihoods for different normal distributions in Equation 7 can also be easily obtained
accordingly following the same transformations as above. And the other elements of the Gibbs
sampling routine are the same as for the individual level data model, except for the sampling
of σ2

e , which is outlined in Appendix F.
The available methods for the summary level Bayesian model in package hibayes are nearly
the same as for the individual level Bayesian model, except for method BSLMM. Method
BSLMM is not included because the individual genotype is inaccessible to construct the
GRM. Looking through the theoretic derivations of the summary level Bayesian model above,
we can find that a big problem is to compute the correlation matrix B fast and store it.
The dimension of B equals the number of genomic markers in the analysis. Although it
is computationally acceptable for chip array data at a level of several tens of thousands of
markers, the computational burden caused by high density markers from sequencing (> 100k)
would be a big challenge to face in the summary level Bayesian model. However, typically this
problem can be addressed by using a fixed 1–10Mb window approach, which sets correlation
values outside this window to zeros, or uses a shrunk linkage disequilibrium (LD) matrix
proposed by Zhu and Stephens (2017). In package hibayes, we use a chi-square threshold
x̂2 to make the B matrix sparse. If the condition r2/n < x̂2 (r is the correlation of two
markers) is met, then the correlation for these two markers will be set to zero, which can
significantly reduce the memory consumption in analysis. However, as a consequence of the
sparsification processing, certain elements of ϕ in Equation 16 remain unaltered, leading to a
biased mean in the full conditional distribution of Equation 17 for the markers associated with
those elements. In certain situations, this bias may cause the MCMC iterations to encounter
“blow up” issues. In this case, we recommend adjusting the chi-square threshold x̂2 to address
this problem.
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2.3. Single-step Bayesian model

The single-step GBLUP (SSGBLUP) model makes it possible to connect all phenotypic ob-
servations for both genotyped and non-genotyped individuals (Christensen and Lund 2010;
Aguilar, Misztal, Johnson, Legarra, Tsuruta, and Lawlor 2010). However, on the one hand,
SSGBLUP model requires the GRM and its inverse of all genotype individuals, which is an
inefficient process; on the other hand, it assumes that all genomic markers have equal con-
tributions to the phenotype, which is inconsistent with the real genetic architecture of traits.
To overcome these issues, Fernando et al. (2014) and Fernando, Cheng, Golden, and Garrick
(2016) proposed the single-step Bayesian regression (SSBR) model, which can be formulated
as

y =

y1

y2

 = µ +

X, A12A−1
22 J2

X, J2

β + Rr +

Z1 0
0 Z2

A12A−1
22 M2α + ϵ

M2α

+ e, (18)

where y1 and y2 are the phenotypic records for non-genotyped and genotyped individu-
als, respectively, J2 = −1, A12 is the pedigree based additive relationship matrix between
non-genotyped and genotyped individuals, A−1

22 is the inverse of the pedigree based additive
relationship matrix between genotyped individuals, M2 is the genotype covariate matrix for
genotyped individuals, ϵ is the vector of imputation residuals for non-genotyped individu-
als, following a multivariate normal distribution, and the other symbols are the same as in
Model 2. The unknown parameters for Model 18 are θ = (µ, β, r, ϵ, α, π, σ2

r , σ2
ϵ , σ2

α, σ2
e).

The core idea of the SSBR model is to impute the genotype of the non-genotyped individuals
in pedigree conditional on the genotyped individuals by using the pedigree based additive
relationship matrix A. However, constructing A12 and computing the inverse of A22 in
Model 18 are not very efficient with increasing size of pedigree. Fortunately, Fernando et al.
(2014) proved that the imputed markers can be obtained efficiently, using partitioned inverse
results, by solving the easily formed very sparse system A12A−1

22 = (A11)−1(−A12), where A11

is the partition of A−1 for non-genotyped individuals, A12 is the partition of A−1 between
non-genotyped and genotyped individuals. As A11 is very sparse, it will be quite fast to
get the solution on the left hand side by solving the sparse linear system on the right hand
side. Moreover, Henderson (1976) presented a simple procedure to derive A−1 from pedigree
directly without inverting matrix A. Once the genotype imputation is done successfully, it is
easy to implement the single-step Bayesian model, which is almost the same as the individual
level Bayesian model, except for the imputation residuals ϵ, which are assumed to follow a
multivariate normal distribution with zero mean and a variance of (A11 −A12A−1

22 A21)σ2
ϵ . By

employing the block-partitioned matrix inversion lemma, we have (A11 − A12A−1
22 A21)−1 =

A11. Then the conditional solution of ϵ is given by the following system:(
Z⊤

1 Z1 + A11 σ2
e

σ2
ϵ

)
ϵ[i] = Z⊤

1 (y∗
1 + Z1ϵ[i−1]), (19)

where y∗
1 is the sub-vector of y∗ (i.e., the model residuals) for non-genotyped individuals. In

package hibayes, we draw ϵ[i] using the single-site Gibbs sampler as described in Appendix C.
σ2

ϵ is the variance of the imputation residuals ϵ, which is a priori assumed to follow a scaled
inverse chi-square distribution, and its full conditional distribution is

(σ2
ϵ | A, ϵ) ∼

(
ϵ⊤A11ϵ + νϵS

2
ϵ

)
χ−2

νϵ+nϵ
, (20)
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where nϵ is the number of elements in ϵ, νϵ and S2
ϵ are the pre-defined degrees of freedom

and the scale parameter, respectively. Once all the values in vector ϵ are sampled, then the
model residuals of non-genotyped individuals (y∗

1) are updated as follows:

y∗
1 = y∗

1 + Z1(ϵ[i−1] − ϵ[i]) (21)

and the residuals of genotyped individuals (y∗
2) are kept unchanged. The sampling routine

for other unknown parameters in θ for the single-step Bayesian model is the same as in the
individual level Bayesian model and is outlined Section 2.1.
The available methods for the single-step Bayesian model in package hibayes are nearly the
same than for the individual level Bayesian model as described in Table 2, except for method
BSLMM. This method is not included because the BSLMM method requires the GRM of all
individuals, but the imputed genotype for non-genotyped individuals cannot be used directly
to construct the GRM, because there are no specific imputation residuals for each single
marker available, but only for individuals.

2.4. Genomic prediction and genome-wide association studies

Genomic prediction

For genomic selection, the main purpose is to obtain the individual’s GEBV (genomic esti-
mated breeding values) of agricultural traits or the PRS (polygenic risk score) of diseases,
which measure the genetic merit of individuals. As discussed in the section above, Bayesian
regression models estimate the effect for all markers. Thus to obtain the GEBV or PRS, the
individual level genotype is required. If the individual genotype is available, the GEBVs can
be computed by

g = Mα, (22)

which could be efficiently accomplished with the toolset PLINK using the function “--score”.
For the single-step Bayesian model, as described by Fernando et al. (2014), the GEBV includes
three parts as follows:

g =

A12A−1
22 J2

J2

βJ +

A12A−1
22 M2

M2

α +

Z1

0

 ϵ, (23)

where the symbols correspond to those in Model 18. The first part comes from the estimated
coefficient βJ , the second part is derived from the genotype, and the third part includes the
imputation residuals for non-genotyped individuals. There is no other software or pipeline
available that can be used directly to accomplish the above calculation, and it is not that easy
for users to implement manually. Therefore, in package hibayes, we have reported GEBVs
directly for all individuals in the final returned lists.

Genome-wide association studies

The Bayesian regression model cannot only be used for genomic prediction, but also could
be applied to genome-wide association studies to locate candidate genes of a trait (Fernando
and Garrick 2013). Given such a model where the proportion of markers with zero effects
(π0) is close to one, the posterior probability that αj is non-zero for at least one marker j in
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a window or segment can be used to make inferences on the presence of a QTL (quantitative
trait locus) in that segment. We refer to this probability as the window posterior probability
of association (WPPA). The underlying assumption here is that if a genomic window contains
a QTL, one or more markers in that window will have a non-zero αj . Thus, WPPA, which
is estimated by counting the number of MCMC samples in which αj is non-zero for at least
one marker j in the window, can be used as a proxy for the posterior probability that the
genomic window contains a QTL. WPPA can be formulated as

WPPA = Nc

Nt − Nb
, (24)

where Nt is the total number of iterations of the Markov chains, Nb is the number of discarded
iterations as burn-in of the Markov chains, and Nc is the counted number of times that αj

is non-zero for at least one marker αj in the window after the discarded iterations. Also,
package hibayes provides the posterior probability that αj is non-zero for each single marker,
which is known as posterior inclusive probability (PIP) and can be used as a complementary
result for more detailed location of causal markers.

3. The R package hibayes
As R has become one of the most widely used languages for statistical computing and graphics,
with a large number of users worldwide, we developed package hibayes on the R platform.
However, as the description of the details of Bayesian regression models in Section 2 shows,
there are a huge number of iterations required for parameter estimation and thus it is not a
good decision to write Bayesian regression models in pure R. Therefore, we accomplished that
the core parts which take up most of the computation time of Bayesian regression models
are implemented in the C++ language by the aid of the packages Rcpp (Eddelbuettel and
François 2011) and RcppArmadillo (Eddelbuettel and Sanderson 2014). All parallelizable
parts were sped up by OpenMP (Dagum and Menon 1998), some basic vector operations
were enhanced by calling corresponding functions in LAPACK (Anderson et al. 1999). All of
the above can be sped up automatically by using Intel MKL (Math Kernel Library) if it was
linked with R by the user. Fast operations for dense and sparse matrices were implemented
with the help of the Matrix package (Bates, Maechler, and Jagan 2025), and only the main
functions used for data and parameter input were written in pure R, granting package hibayes
with a pretty high computing efficiency.
Regarding the genotype information, it is expensive to code it into a numeric covariate ma-
trix and read it into memory for each analysis. We thus provide an additional function to
convert the genotype information into numeric memory-mapping files locally using the pack-
age bigmemory (Kane, Emerson, and Weston 2013). This only needs to be done at the first
time, and no matter how big the number of individuals or markers in the genotype is, the
memory-mapping files could be attached into memory on-the-fly within several seconds or
minutes, making package hibayes very promising in handling big genomic data.
Package hibayes is available from the Comprehensive R Archive Network (CRAN) at https:
//CRAN.R-project.org/package=hibayes. The latest development version can be installed
from GitHub at https://github.com/YinLiLin/hibayes. This article refers to version 3.1.0.
The main available R functions provided by package hibayes are listed in Table 3. We do
not list the arguments for the functions. Users can get the information on all the available

https://CRAN.R-project.org/package=hibayes
https://CRAN.R-project.org/package=hibayes
https://github.com/YinLiLin/hibayes
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Function Description
read_plink Converts genotype file in PLINK binary format into memory-mapping file

format.
ldmat Constructs variance-covariance LD matrix (V ) of markers across the whole

genome to fit a summary level Bayesian model.
ibrm Fits an individual level Bayesian regression model.
sbrm Fits a summary level Bayesian regression model.
ssbrm Fits a single-step Bayesian regression model.
summary Summarizes the results and computes the standard deviation of model

parameters.

Table 3: Main functions provided by package hibayes.

arguments and their detailed descriptions using help() or typing “?” in front of the function
name in R, for example, help("read_plink") or ?read_plink. Some important arguments
are also discussed in the next section.

4. Quick start with simple examples
In the following, we display some examples to run different Bayesian regression models using
the tutorial data attached in package hibayes, including the input file format, settings of
main parameters, summary of the returned results, as well as relevant visualizations of some
important genetic parameters. We start by installing and loading package hibayes:

R> install.packages("hibayes")
R> library("hibayes")

4.1. Examples for the individual level Bayesian model

To fit the individual level Bayesian model, the phenotypic observations, environmental records,
and the genotype data should be provided. In package hibayes, a dataset which contains 500
phenotypic observations and 600 genotyped individuals is included to facilitate the tutorial.
The phenotype data can be loaded and inspected using:

R> pheno_file_path <- system.file("extdata", "demo.phe",
+ package = "hibayes")
R> pheno <- read.table(pheno_file_path, header = TRUE)
R> dim(pheno)

[1] 500 8

R> head(pheno, 4)

id sex season day bwt loc dam T1
1 IND1001 Male Winter 92 1.2 l32 IND0921 4.7658
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2 IND1002 Male Spring 88 2.7 l36 IND0921 12.4098
3 IND1003 Male Spring 91 1.0 l17 IND0968 4.8545
4 IND1004 Male Autumn 93 1.0 l37 IND0968 33.2217

The data contains one trait named T1 and some environmental records including sex, season,
day from birth, body weight, and location. Missing values should be marked as ‘NA’, and the
first column of the phenotype data must include the names of the individuals.
The tutorial genotype data was stored in PLINK binary files (see details at https://zzz.
bwh.harvard.edu/plink/data.shtml#bed). It can be loaded using function read_plink():

R> bfile_path <- system.file("extdata", "demo", package = "hibayes")
R> bin <- read_plink(bfile = bfile_path, mode = "A", threads = 4)
R> fam <- bin[["fam"]]
R> geno <- bin[["geno"]]
R> map <- bin[["map"]]

The argument bfile indicates the prefix of the binary files, mode can be set to "A" or "D"
for additive and dominant genetic effect, respectively. In this function, a missing genotype
will be replaced by the major genotype of each allele. For additive mode, the genotype A1A1,
A1A2, A2A2 will be coded as 2, 1, 0, respectively. A1 is the first allele of each marker in map,
and thus the estimated effects are on the A1 allele for all markers. A quick inspection of the
loaded genotype data shows:

R> dim(geno)

[1] 600 1000

R> geno[1:4, 1:5]

[,1] [,2] [,3] [,4] [,5]
[1,] 2 1 1 1 0
[2,] 1 0 1 1 0
[3,] 0 2 0 0 0
[4,] 1 1 1 1 0

The first dimension of geno is the number of genotyped individuals, while the second is the
number of genomic markers. By default, the function read_plink() constructs memory-
mapped files for genotype data, which are directed into the R temporary folder. Users
could redirect to a new directory by the argument out, e.g., bin <- read_plink(bfile
= bfile_path, out = "./demo"). The genotype data conversion only needs to be done
once, and at the next time of use, no matter how big the number of individuals or markers in
the genotype are, the memory-mapping files could be attached into memory on-the-fly within
several seconds or minutes using geno <- attach.big.matrix("./demo.desc").
Object fam contains the names of all genotyped individuals, which are used to match the
order of individuals between phenotype and genotype data:

R> geno.id <- fam[, 2]
R> head(geno.id)

https://zzz.bwh.harvard.edu/plink/data.shtml#bed
https://zzz.bwh.harvard.edu/plink/data.shtml#bed
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[1] "IND0701" "IND0702" "IND0703" "IND0704" "IND0705" "IND0706"

Object map is a data frame which contains the detailed genomic information of markers. Its
columns are the marker names, chromosome, physical position, the first allele, and the second
allele, respectively. It is only required when implementing GWAS analysis, the format is as
follows:

R> head(map, 4)

SNP CHROM POS A1 A2
1 M1 1 4825340 G T
2 M2 1 6371512 A G
3 M3 1 7946983 G A
4 M4 1 8945290 C G

All the physical positions located at the third column should be in digits because this variable
will be used to cut the genome into smaller windows.
Now, we can fit the individual level Bayesian model as follows:

R> fitCpi <- ibrm(T1 ~ season + bwt + (1 | loc) + (1 | dam), data = pheno,
+ M = geno, M.id = geno.id, method = "BayesCpi", printfreq = 100,
+ Pi = c(0.98, 0.02), niter = 50000, nburn = 40000, thin = 1,
+ seed = 666666, map = map, windsize = 1e6, verbose = TRUE)

The first argument is the model formula of phenotype, fixed effects, and environmental random
effects. The environmental random effects are distinguished by vertical bars (1|·) separating
expressions as implemented in package lme4. The fixed effects should be provided as factors
and fixed covariates as numeric values. Users can convert the columns of the data into the
corresponding format during pre-processing, or convert it in the model formula, e.g., T1 ~
as.factor(season) + as.numeric(bwt). The arguments M and M.id must be specified for
genotype data, because the function ibrm can automatically take the intersection and adjust
the order of individuals between phenotype and genotype data. Thus there is no need for users
to adjust it in advance. Users can choose one of the methods in Table 2 by the argument
method, change the total number of iterations and discarded number of iterations by the
arguments niter and nburn, respectively. The printed log message records the descriptive
information for the input data, the sampled details of the unknown parameters during the
Markov chains, the time that remains for running, and summary statistics for some of the
main genetic parameters. Also, users can turn off the log message by calling ibrm using
ibrm(..., verbose = FALSE).
The returned list is an object of class ‘blrMod’, which stores all the estimated unknown
parameters (e.g., use str(fitCpi) to get the details). For genomic prediction, the most
important results are the estimated effects of genomic markers and the genomic estimated
breeding values (or polygenic risk scores) of individuals. Users can easily access them from
the returned object using:

R> SNPeffect <- fitCpi$alpha
R> gebv <- fitCpi$g
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Figure 1: A. the scatter plot between phenotype and estimated GEBV; B. the posterior
density distribution of marker effects; C. trace plot of genetic variance; D. trace plot of
residual variance. The red line is the ultimately estimated value for the parameter.

fitCpi$alpha is the vector of estimated marker effects listed in the same order than the map,
and the data frame fitCpi$g contains the estimated breeding values of all individuals whose
names are listed in the first column.

As illustrated in Figure 1A, even though the correlation between phenotype and the estimated
GEBVs is high, we cannot select candidate individuals for breeding merely via the original
phenotype. The GEBVs should be the more accurate target reflecting the genetic difference
among individuals. The accuracy of GEBVs depends on the precise estimation of marker
effects. The posterior density of marker effects for the method BayesCpi is given in Figure 1B,
where we see a very sharp peak on the distribution, which is fully consistent with its prior
assumption that only a small proportion of markers have non-zero effects. As described in
Table 2, different Bayesian methods have different prior assumptions on the distribution of
marker effects and their variances, resulting in varied prediction performance of a trait or
disease. We provide the code for running different Bayesian methods in the replication code
file and visualize the posterior distribution of marker effects. The results show very different
shapes of density plots for different methods. To quantify the prediction performance of
different methods on different traits or diseases, cross-validation is the gold standard in real
data analysis.

The return object fitCpi contains a list named MCMCsamples which records the sampled
posterior values for all unknown parameters. Users can visualize them to check if the Markov
chains have converged successfully for a parameter of interest. As shown in Figure 1C and
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Figure 2: Estimated effects of the genomic markers across the entire genome. x-axis are the
chromosomes, y-axis are the estimated marker effects, each vertical line represents a genomic
marker.

Figure 1D (see the detailed commands in the replication code file), we can see the sampled
values for both genetic variance and residual variance move around the red line, indicating
a reasonable convergence of Markov chains. Users can change the total number of iterations
and the number of burn-in iterations to obtain a converged chain according to the trace plots
of estimated parameters.
The size of the marker effects can reflect the marker’s contribution on the phenotype to a
certain extent. We can visualize the marker effects using the CMplot package (Yin 2024)
which has been included as dependency of package hibayes, as shown in the Manhattan plot
in Figure 2:

R> CMplot(cbind(map[, 1:3], SNPeffect), type = "h", plot.type = "m",
+ LOG10 = FALSE, ylab = "SNP effect")

The bigger absolute value of a marker effect represents a higher contribution to the phenotype,
suggesting the presence of a causal gene in its vicinity, and its positive or negative sign reflects
an increase or decrease in the trait value.
The object of class ‘blrMod’ can be summarized by the summary function as follows:

R> sumfit <- summary(fitCpi)
R> sumfit

Individual level Bayesian model fit by [BayesCpi]
Formula: T1 ~ season + bwt + (1 | loc) + (1 | dam) + M

Residuals ($e):
Min. 1st Qu. Median 3rd Qu. Max.

-9.10320 -2.19370 0.12939 2.19370 9.53260

Fixed effects ($beta):
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Estimate SD
(Intercept) 35.163 7.242
seasonSpring -21.911 1.503
seasonSummer -11.544 1.465
seasonWinter -11.433 1.567
bwt 2.378 0.814

Environmental random effects ($VER, $r):
Variance SD

loc 8.178 4.156
dam 54.414 9.779
Residual 30.447 6.674
Number of obs: 300, group: loc, 50; dam, 150

Genetic random effects ($VGR, $g):
Estimate SD

Vg 52.79860 12.335
h2 0.36061 0.073
pi1 0.92018 0.037
pi2 0.07982 0.037
Number of markers: 1000 , predicted individuals: 600

Marker effects ($alpha):
Min. 1st Qu. Median 3rd Qu. Max.

-1.8716700 -0.0276056 0.0000000 0.0247178 1.5696500

As shown above, the summarized results describe the model formula and the method used in
the analysis. The summary also contains the posterior estimates of some of the main model
parameters, as well as their standard deviations. We classified the results into the following
categories:

R> names(sumfit)

[1] "call" "beta" "VER" "r" "VGR" "g" "alpha" "e"

The list element beta is a data frame which contains the estimated fixed effects and regression
coefficients. The list element r is a data frame of estimated environmental random effects,
their variance components are stored in the list element VER (i.e., variance of environmental
random effect); the list element VGR contains the variances of genetic random effects (Vg),
the heritability of traits (h2), and the proportion of markers in different distributions (pi);
the list element g is the data frame of genomic estimated breeding values (GEBVs) of both
phenotypic and non-phenotypic individuals; alpha is the data frame of the estimated marker
effects; and e is the data frame of model residuals. The names of the list returned by the
summary() method are fully consistent with the mathematical symbols presented in Section 2.
The detailed data structure of the summarized results can be viewed by str(sumfit).
For GWAS analysis, package hibayes reports the WPPA and PIP for all markers as described
in Section 2.4. If the arguments windsize or windnum are detected in the input commands,
the list element named gwas in the returned object can be extracted as follows:
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Figure 3: The derived window posterior probability of associations from MCMC iterations
for all genomic markers. The x-axis are the chromosomes, the y-axis can be considered as the
association significance, the red line is the significance level, and the labels around the points
are the names of significantly associated markers at the given threshold.

R> gwas <- fitCpi[["gwas"]]
R> head(gwas, 4)

Wind Chr N Start End WPPA
1 wind1 1 1 4825340 4825340 0.0610
2 wind2 1 1 6371512 6371512 0.0647
3 wind3 1 1 7946983 7946983 0.0759
4 wind4 1 1 8945290 8945290 0.0510

The first column lists the names of all windows for the specified size, the second column is
a vector of chromosomes, the third column reports the number of genomic markers included
in each of the windows, the 4th and 5th columns are the physical positions of the first and
last genomic marker of the windows, respectively. The last column is the computed WPPA,
which can also be visualized in a Manhattan plot (Figure 3).

R> highlight <- gwas[(1 - gwas[, "WPPA"]) < 0.5, 1]
R> CMplot(data.frame(gwas[, c(1, 2, 4)], wppa = 1 - gwas[, "WPPA"]),
+ type = "h", plot.type = "m", LOG10 = TRUE, threshold = 0.5,
+ ylim = c(0, 0.6), ylab = expression(-log[10](1 - italic(WPPA))),
+ highlight = highlight, highlight.col = NULL,
+ highlight.text = highlight)

The bigger the y-axis in Figure 3, the stronger is the association of the window with the
trait or disease, and thus causal genes are more likely within the window. However, it is still
difficult to know which genomic markers in the windows of interest are the causal ones. So
we need to further explore the association significance for the markers. In package hibayes,
we report the posterior inclusive probability for every single marker, which could be used for
a reference of importance to the trait and can be obtained by fitCpi[["pip"]].
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4.2. Examples for the summary level Bayesian model

To fit a summary level data based Bayesian model, the summary data and the variance-
covariance matrix calculated from the reference panel should be provided. We have attached
an example dataset in package hibayes. The summary data can be loaded using:

R> sumstat_path <- system.file("extdata", "demo.ma", package = "hibayes")
R> sumstat <- read.table(sumstat_path, header = TRUE)
R> head(sumstat, 4)

SNP A1 A2 MAF BETA SE P NMISS
1 M1 G T 0.5267 0.1316 1.264 0.91710 300
2 M2 A G 0.1458 -1.7920 1.685 0.28830 300
3 M3 G A 0.3150 4.4080 1.828 0.01647 300
4 M4 C G 0.5225 -1.1040 1.175 0.34840 300

As shown above, each row contains all the summary statistics for a marker. The first column
is a column of marker names, the second and third columns are the reference and alternate
allele, the remaining columns are the minor allele frequency (used to derive D in Model 14),
the marginal effect (i.e., b in Model 14), the standard error, the p value of GWAS, and the
effective sample size (i.e., nj in Equation 16), respectively.
The LD variance-covariance matrix (i.e., V in Equation 16) can be calculated by package
hibayes using either a public reference genotype panel or a personal genotype at hand. As
discussed in Section 2.2, the V matrix is extremely huge if there are millions of genomic
markers. To overcome this issue, we enable users to construct 4 types of different LD variance-
covariance matrices including a genome-wide full dense matrix, a genome-wide sparse matrix,
a chromosome-wide full dense matrix, and a chromosome-wide sparse matrix. These matrices
have a different sparsity structure, and users can choose one of them according to the scale of
data and the size of computational resources. Taking the tutorial data attached in package
hibayes, one can proceed for example as follows:

R> bfile_path <- system.file("extdata", "demo", package = "hibayes")
R> bin <- read_plink(bfile_path)
R> geno <- bin[["geno"]]
R> map <- bin[["map"]]
R> ldm1 <- ldmat(geno, threads = 4)
R> ldm2 <- ldmat(geno, chisq = 5, threads = 4)
R> ldm3 <- ldmat(geno, map, ldchr = FALSE, threads = 4)
R> ldm4 <- ldmat(geno, map, ldchr = FALSE, chisq = 5, threads = 4)

The argument chisq is the chi-square threshold used for making the sparse matrix. Bigger
chisq values generate a sparser LD matrix, but this may cause the Markov chain to “blow up”
in certain situations as we discussed in Section 2.2. The argument ldchr is used to control
whether to compute a genome-wide or chromosome-wide LD matrix. It should be noted
that setting ldmat(...., ldchr = TRUE) could take an excessively long time and very big
memory consumption to run if applied to a large dataset with many SNPs. We recommend
turning it off for the majority of species because the interactions among chromosomes are
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generally negligible. The sparsity structure of different LD variance-covariance matrices can
be visualized by the function image() in package Matrix, as demonstrated in the replication
code file.
Before fitting the model, the prior adjustment regarding the order of genomic markers between
summary data and LD matrix is required:

R> sumstat <- sumstat[match(map[, 1], sumstat[, 1]), ]

Then we can fit the summary level Bayesian model as follows:

R> fitCpi <- sbrm(sumstat = sumstat, ldm = ldm1, method = "BayesCpi",
+ Pi = c(0.95, 0.05), niter = 20000, nburn = 12000, seed = 666666,
+ map = map, windsize = 1e6)

Similar to the individual level Bayesian model, the detailed structure of the returned ‘blrMod’
object can be viewed by str(fitCpi), and it can also be summarized by summary(fitCpi).
Since the summary level Bayesian model does not require the individual level phenotype and
genotype data, there are no lists regarding the fixed effects, model residuals, and the GEBVs
in the summarized results. Only the genetic variance, residual variance, and the estimated
marker effects are available:

R> names(summary(fitCpi))

[1] "call" "VER" "VGR" "alpha"

The above lists have the unified data structure across different types of Bayesian models,
users can extract and visualize the parameters of interest for either genomic prediction or
genome-wide association studies in the same way as shown in Section 4.1. Therefore we do
not describe and illustrate more details about the results in this section.

4.3. Examples for single-step Bayesian model

To fit the single-step Bayesian model, at least the phenotype, the genotype, and the pedigree
information should be provided. The formats of phenotype and genotype data used in the
single-step Bayesian model are completely the same than for the individual level Bayesian
model. We first load the phenotype and genotype data attached in package hibayes as follows:

R> pheno_file_path <- system.file("extdata", "demo.phe",
+ package = "hibayes")
R> pheno <- read.table(pheno_file_path, header = TRUE)
R> bfile_path <- system.file("extdata", "demo", package = "hibayes")
R> bin <- read_plink(bfile = bfile_path, mode = "A", threads = 4)
R> fam <- bin[["fam"]]
R> geno.id <- fam[, 2]
R> geno <- bin[["geno"]]
R> map <- bin[["map"]]
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The data above has already been demonstrated and described in Section 4.1. We thus do not
explain it again here. The only difference of the single-step Bayesian model compared to the
individual level Bayesian model is the requirement of pedigree data, which is used to construct
the additive genetic relationship matrix of all individuals (i.e., the A matrix in Model 18).
The pedigree is a diagram that depicts the biological relationships between an organism and
its ancestors. This data is typically stored in a text file, and we take the tutorial pedigree
data attached in package hibayes as an example:

R> ped_file_path <- system.file("extdata", "demo.ped", package = "hibayes")
R> ped <- read.table(ped_file_path, header = TRUE)
R> head(ped, 4)

id sir dam
1 IND0001 0 0
2 IND0002 0 0
3 IND0003 0 0
4 IND0004 0 0

As shown above, the first column contains the names of the individuals, and the remaining
two columns show the names of their father and mother, respectively. Missing values in
pedigree should be marked as “0” or “NA”, and the columns must exactly follow the order of
“id”, “sir”, and “dam”.
After reading in all the data above successfully, we can now fit the single-step Bayesian model
as follows:

R> fitR <- ssbrm(T1 ~ sex + bwt + (1 | dam), data = pheno, M = geno,
+ M.id = geno.id, pedigree = ped, method = "BayesR", niter = 20000,
+ nburn = 12000, printfreq = 100, Pi = c(0.95, 0.02, 0.02, 0.01),
+ fold = c(0, 0.0001, 0.001, 0.01), seed = 666666, map = map,
+ windsize = 1e6)

We can use str(fitR) to see the structure of the returned ‘blrMod’ object and view the
summarized results by summary(fitR). All the genotyped and non-genotyped individuals in
the pedigree will be predicted, therefore the total number of predicted individuals depends
on the number of unique individuals in pedigree. The predicted GEBVs and the estimated
marker effects could be accessed by fitR$g and fitR$alpha, respectively. The summarized
information is closely similar to the individual level Bayesian model, except for the imputation
regression coefficient term J and the imputation error variance Veps, see Model 18. Other
returned parameters can be extracted and visualized in the same way as shown in Section 4.1.

5. Conclusion
The present paper is meant to provide a general overview on package hibayes, the only
R package that can implement three types of Bayesian regression models with the richest
methods achieved thus far. It is designed not only for genomic prediction, but also for genome-
wide association studies. The package covers most of the functionalities involved in genetic
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evaluation, including estimation of fixed effects and coefficients of covariates, environmental
random effects and the corresponding variance, genetic and residual variance, heritability of
traits, and effects for all markers; computation of genomic estimated breeding values for both
genotyped and non-genotyped individuals, phenotype/genetic variance explained for single or
multiple markers; and the derivation of the posterior probability of association of the genomic
window and posterior inclusive probability of markers. As shown in Table 1, package hibayes
is more comprehensive compared to other tools for genomic relevant analyses.

The arguments of functions and the alias of returns in package hibayes are highly consis-
tent with the mathematical equations presented in the main text. The functional style and
idiomatic implementation in R make the package easy to use, flexible to extend, and transpar-
ent to validate. Although only a small selection of the modeling options available in package
hibayes are discussed in detail, we hope that this article can serve as a good starting point
to further explore the capabilities of the package. For the future, we have several plans on
how to improve the functionality of package hibayes. We will keep on updating package hi-
bayes with the latest advanced Bayesian models and methods of broad interest in the domain
of genomic prediction or genome-wide association studies, ensuring that package hibayes al-
ways provides fresh functionality to the users or academic researchers. In addition to the
MCMC sampling approach, another approximation based approach named “variational in-
ference (VI)” is also commonly used to tackle Bayesian inference. The sampling process of
MCMC is computationally pretty heavy but has no bias and, so, it is preferred when accurate
results are expected, disregarding the time it takes for estimation. Conversely, although the
choice of VI methods can clearly introduce a bias, this approach comes along with a reason-
able optimization process that makes it particularly adapted to very large scale data requiring
fast computations. Therefore, we will investigate the possibility of applying VI in statistical
genetics and introduce it into package hibayes for efficient inference of unknown parameters
using very big genomic data. Also, we will implement multiple traits Bayesian regression
models in package hibayes, which can be used to estimate genetic correlation among traits
and to further improve the prediction accuracy of traits and diseases.
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A. The implementation of an efficient sampling strategy
Given the model presented in the main text:

y = µ + Xβ + Rr + Mα + e (25)

the full conditional distribution of a parameter used in the Gibbs sampler is constructed by
using the most recent estimates of the other parameters. For example, when sampling the jth
marker effect at the ith iteration (α[i]

j ), it is required to adjust the phenotype observations y
for all other effects in the model. Let ỹ be the vector of adjusted phenotype values, given by

ỹ = y − µ[i] − Xβ[i] − Rr[i] −
m∑

k ̸=j

Mkαk, (26)

where µ[i], β[i], and r[i] are the most recent estimates at the ith iteration, m is the total
number of markers (i.e., the second dimension of M), and Mk is the kth column of M .
Since the matrix M is large, it would be extremely time-expensive to repetitively compute
ỹ for each unknown parameter in every Markov chain using Equation 26. Another ingenious
and efficient strategy is to obtain it based on the current model residuals (y∗) and the sampled
value of the parameter at the previous iteration (α[i−1]

j ), i.e.,

ỹ = y∗ + M jα
[i−1]
j . (27)

y∗ is computed and stored at the beginning of the MCMC sampling, but updated immediately
once any of the model effects (µ, β, r, α) is sampled. E.g., when we obtain the new marker
effect α

[i]
j from its full conditional distribution, the corresponding model residual y∗ can be

updated by
y∗ = y∗ + M j(α[i−1]

j − α
[i]
j ). (28)

The real-time y∗ can link the full conditional distribution of one parameter with the latest
estimates of other parameters without the needs of big matrix operations. Thus this approach
should be more computationally beneficial for the Gibbs sampler.

B. Full conditional distribution of fixed effects
The fixed effects and regression coefficients β are assumed to have flat priors (Sorensen and
Gianola 2002), i.e., improper uniform priors such that the density function is a constant,
denoted by f(β) ∝ c. In contrast to Appendix A, here, we do not use in a similar way
Equation 26 to obtain the adjusted phenotype for βj , but instead we use Equation 27 to
construct the full conditional distribution by means of ordinary least squares (OLS) as follows:

(β[i]
j | y∗, X, β

[i−1]
j , σ2

e) ∼ N

X⊤
j y∗ + X⊤

j Xjβ
[i−1]
j

X⊤
j Xj

,
σ2

e

X⊤
j Xj

 , (29)

where y∗ is the real-time model residuals which can be obtained on the conditions of y and
the sampled µ, β, r, α. β

[i]
j is the sampled value of the jth variable in β at the ith iteration,
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and β
[i−1]
j is the sampled value of the previous iteration. Xj represents the jth column of

the model matrix X.
The corresponding model residuals for β

[i]
j are updated in a similar way than in Equation 28

using
y∗ = y∗ + Xj(β[i−1]

j − β
[i]
j ). (30)

By repeating Equation 29 and updating the model residuals y∗ subsequently, we can obtain
the new estimates for all the elements in β at the current iteration.

C. Full cond. distribution of environmental random effects
The environmental random effects are a priori assumed to follow a normal distribution
N (0, Iσ2

r ). The conditional solution for the environmental random effects r can be writ-
ten as (

R⊤R + I
σ2

e

σ2
r

)
r[i] = R⊤(y∗ + Rr[i−1]), (31)

where r[i] and r[i−1] represent the sampled r at the current and previous iteration, re-
spectively. To get the conditional estimates r[i], two types of sampling algorithms can
be taken into consideration: the first is the single-site Gibbs sampler (Sorensen and Gi-
anola 2002), which draws the parameter from its full conditional distribution with density
p(rk|r−k), k = 1, . . . , nr, where nr is the number of elements in the environmental random
effect r. Setting C =

(
R⊤R + I σ2

e
σ2

r

)
and B = R⊤(y∗ + Rr[i−1]), we simplify Equation 31 to

Cr[i] = B. The single-site Gibbs sampler strategy can then be carried out as follows:

(r[i]
j | B, C, r−j , σ2

e) ∼ N


Bj −

nr∑
k ̸=j

Ckjrk

Cjj
,

σ2
e

Cjj

 , (32)

where Bj is the jth element of vector B, and Cjj is the jth diagonal element of matrix C.
Obviously this cannot be processed in parallel, but the big advantage is that there is no need
to compute the inverse of matrix C.
The second algorithm is the block Gibbs sampler (García-Cortés and Sorensen 1996; Lund and
Jensen 1999), which draws unknown parameters jointly from a full conditional multivariate
distribution formulated as

(r[i] | B, C, σ2
e) ∼ N

(
C−1B, C−1σ2

e

)
. (33)

The above implementation strategy is straightforward, but it requires to compute the inverse
of matrix C, therefore, is typically used to handle sparse systems for fast computing. After
the environmental random effects are sampled successfully, then the corresponding model
residuals could be updated similarly as in Equation 28 by

y∗ = y∗ + R(r[i−1] − r[i]). (34)

The variance σ2
r is a priori assumed to have a scaled inverse chi-square distribution, which

can be sampled from the following full conditional distribution,

(σ2
r | r) ∼

(
r⊤r + νrS2

r

)
χ−2

νr+nr
, (35)
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where νr and S2
r are the degrees of freedom and the scale factor of the scaled inverse chi-square

distribution, respectively. In package hibayes, we no longer update νr and S2
r in MCMC, but

use pre-defined constants, which are νr = −1 and S2
r = 0 by default.

D. The BayesR method
The prior assumption on the marker effects for the BayesR method is a mixture of four normal
distributions (Moser et al. 2015), of which the variances are assigned with a user defined scale
on a temporary base variance σ2

αγ
. The scale factor is γ = (0, 0.0001, 0.001, 0.01). Thus it

is not required to draw the variances for different normal distributions, but only sample the
variance σ2

αγ
once at each MCMC iteration. Similar to the Equation 6 in main text, the full

conditional distribution of non-zero marker effects of the BayesR method can be formulated
as

(α[i]
j | y∗, M , γ, α

[i−1]
j , σ2

γ , σ2
e) ∼ N

M⊤
j y∗ + M⊤

j M jα
[i−1]
j

M⊤
j M j + σ2

e/(γjσ2
αγ

)
,

σ2
e

M⊤
j M j + σ2

e/(γjσ2
αγ

)

 (36)

where y∗ is the real-time model residuals which can be obtained on the conditions of y and
the sampled µ, β, r, α. γj is the corresponding scaled value for the jth genomic marker. The
log likelihood calculation of different distributions for BayesR is similar to Equation 7 in the
main text and can be written as

Lπk
= −1

2

log
(

M⊤
j M jγkσ2

αγ

σ2
e

+ 1
)

−

(
M⊤

j y∗ + M⊤
j M jαj

)2

(M⊤
j M j + σ2

e/(γkσ2
αγ

))σ2
e

+ log(πk), (37)

where γk is the kth element of γ with k ∈ {2, . . . , nγ}. Using the same derivation as in
Equation 8 in the main text, we can calculate the probability that marker j is in the kth
distribution.
The variance σ2

αγ
is a priori assumed to follow a scaled inverse chi-square distribution. Its

full conditional distribution is

(σ2
αγ

| α, γ, mπ0) ∼

mγ∑
j=1

(αj)2

γj
+ ναS2

α

χ−2
να+mγ

, (38)

where mγ = m − mπ0 , and γj is the corresponding scaled value for the jth genomic marker,
να and S2

α are the pre-defined degrees of freedom and the scale factor of the scaled inverse
chi-square distribution.

E. The BSLMM method
The model formula of the BSLMM method (Zhou et al. 2013) can be expressed as

y = µ + Xβ + Rr + Zg + Mα + e. (39)

Compared to Model 2 in the main text, the model of the BSLMM method has an additional
term Zg, where Z is the design matrix and g is a vector of polygenic genetic random effects,
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which follows a multivariate normal distribution N (0, Kσ2
k). K is the additive genomic

relationship matrix (GRM) that is derived from genotype information and α is the vector of
additional genetic effects which cannot be captured by g for a small proportion of genomic
markers. It has the same prior distribution than BayesCpi, i.e., the markers with effects share
the same variance of the normal distribution. There have been several algorithms proposed
for GRM construction. We implemented the most commonly used one in package hibayes
(VanRaden 2008). The corresponding mathematical formula is

K = MM⊤

m∑
j=1

2pj (1 − pj)
, (40)

where m is the number of genomic markers, pk is the frequency of allele A1 at the jth genomic
marker, M is the centered additive marker covariate matrix with elements 2 − 2pj , 1 − 2pj ,
and −2pj for genotype A1A1, A1A2, and A2A2, respectively.
The BSLMM method can be considered as an extension of the BayesCpi method with an
additional multivariate normal random term g. Similar to Equation 31 in Appendix C, the
conditional solution of g is given by the following system:(

Z⊤Z + K−1 σ2
e

σ2
k

)
g[i] = Z⊤(y∗ + Zg[i−1]). (41)

where y∗ is the real-time model residuals. To construct the equation above, it is required
to compute the inverse of matrix K. However, the GRM matrix K is not always invertible
for some reasons (e.g., not positive definite). Although it can be addressed by various types
of algorithms, e.g., the Cholesky decomposition, lower-upper (LU) decomposition, and ridge
regression, computing the inverse of a big matrix is time-expensive. To obtain the solution
g[i], another challenge is to calculate the inverse of the left-hand-side (LHS) of Equation 41
for every single MCMC iteration. Although the single-site Gibbs sampler described in Equa-
tion 32 can overcome this issue, it is still time-consuming for a very large sample size. In
package hibayes, we implemented an efficient eigen decomposition based block Gibbs sampler
to get the solution g[i] without computing the inverse of either K or the LHS matrix.
The inverse of K can be calculated by eigen decomposition as follows:

K−1 = (UDU−1)−1 = UD−1U−1. (42)

Since K is symmetric, the eigen vectors U are guaranteed to be an orthogonal matrix.
Therefore U−1 = U⊤. Furthermore, because D is a diagonal matrix, its inverse is easy
to calculate. Then we have

K−1 = U


1
d1

0
. . .

0 1
dn

U⊤. (43)

Since we only fit effective records in the model, Z is equal to identity matrix, then Z⊤Z =
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I = UU⊤. Let λ = σ2
e

σ2
k
. The inverse of the LHS in Equation 41 can then be written as

(
Z⊤Z + K−1λ

)−1
=
(

UU⊤ + U
Iλ

D
U⊤

)−1

=
(

U
D + Iλ

D
U⊤

)−1

= U
D

D + Iλ
U⊤.

As shown above, by exploiting the results of the eigen decomposition of the K matrix, it is
computationally efficient to construct the full conditional multivariate distribution of g[i] with-
out computing the inverse of any big matrix. To implement the Gibbs sampler for multivariate
distributions formulated similarly as in Equation 33, both the Cholesky decomposition and
the eigen decomposition can be employed for sampling. Given the multivariate distribution
X ∼ N (µ, Σ), in which µ and Σ are the mean and variance-covariance matrix, respectively,
we can generate new samples based on the Cholesky decomposition as

X ∼ µ + LN (0, I), (44)

where L is the lower triangular matrix from the Cholesky decomposition of Σ, and I is an
identity matrix; Alternatively the eigen decomposition can be used resulting in

X ∼ µ + U
√

DN (0, I), (45)

where U and D are the eigen vectors and eigen values of Σ, respectively. Furthermore, the
variance-covariance matrix of g[i] (i.e.,

(
Z⊤Z + K−1λ

)−1
σ2

e) and the GRM matrix K share
the same eigen vectors; thus, it is not required to do eigen decomposition on the variance-
covariance matrix. Then the full conditional multivariate normal distribution of g[i] can be
expressed as

(g[i] | y∗, U , D, g[i−1], λ, σ2
e) ∼ U

D

D + Iλ
U⊤(y∗ + g[i−1]) + U

√
Dσ2

e

D + Iλ
N (0, I). (46)

where y∗ is the real-time model residuals. As shown in the equation above, it only requires
to do eigen decomposition on the K matrix once. No inverse computation of a big matrix is
involved in the whole block Gibbs sampler, making it very efficient in MCMC iterations.
The variance σ2

k follows a scaled inverse chi-square distribution, with degrees of freedom and
scale parameter in the full conditional distribution:

(σ2
k | g, U , D) ∼

(
g⊤UD−1U⊤g + νkS2

k

)
χ−2

νk+nk
, (47)

where νk and S2
k are the pre-defined degrees of freedom and the scale factor of the scaled

inverse chi-square distribution.
It should be pointed out that the ultimate marker effect of the BSLMM method includes two
parts

α∗ = M⊤UD−1U⊤g
m∑

j=1
2pj (1 − pj)

+ α,
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where the first part transforms the genetic random effect g into marker effects (Aliloo, Pryce,
González-Recio, Cocks, Goddard, and Hayes 2017). To multiply the two big matrices (i.e.,
M and U) in the above equation is extremely time-consuming. But this step is implemented
only once at the end of the MCMC iteration and, therefore, does not constitute a big problem.

F. Inference of the summary level Bayesian model
The summary level Bayesian model is inferred from the individual level model. Let

y = Mα + e. (48)

Different from Model 2 in the main text, here y is the prior-adjusted phenotype, generally
defined as the residuals extracted from a linear model that includes recorded environmental
fixed effects, covariates, and random effects. The reason for the adjustment is that the
public summary data only includes summary information for genomic markers, and we cannot
directly access the recorded environmental factors.
Let D = diag

(
M⊤

1 M1, . . . , M⊤
mMm

)
. By multiplying Equation 48 with D−1M⊤ we arrive

at
D−1M⊤y = D−1M⊤Mα + D−1M⊤e. (49)

The left hand side D−1M⊤y corresponds to the estimated coefficients of the single marker
regression, that is the marginal effect b in the summary data. As is well known, the correlation
matrix B of markers can be expressed as follows:

B = D− 1
2 M⊤MD− 1

2 . (50)

Let e∗ = D−1M⊤e. Then we can rewrite Equation 49 as

b = D− 1
2 BD

1
2 α + e∗. (51)

The sampling details of α and its variance have been given in the main text. Since the model
residuals y∗ are not available, we thus cannot construct the full condition of σ2

e by y∗. The
residual variance σ2

e can be expressed as

σ2
e = y∗⊤y∗

n

= (y − Mα)⊤(y − Mα)
n

= y⊤y − 2α⊤M⊤y + α⊤M⊤Mα

n

(52)

and the phenotypic variance of the trait by σ2
y = y⊤y/n. Multiplying Model 48 with M⊤,

we have
M⊤Mα = M⊤y − M⊤y∗

= Db − ϕ
(53)

where ϕ has been defined in main text. Now the residual variance σ2
e can be written as

σ2
e = y⊤y − 2α⊤Db + α⊤(Db − ϕ)

n

= σ2
y − α⊤(Db + ϕ)

n

(54)



36 hibayes: Individual-Level, Summary-Level and Single-Step Bayesian Regression Models

and the phenotype variance σ2
y can be derived from summary data as follows:

(σ2
y)j = (y⊤y)j

nj
= σ2

bj
Djj(nj − 2) + b2

jDjj , (55)

where σ2
bj

is the square of the standard error of bj . This can also be obtained directly from
summary data. Then taking the median over the set of (σ2

y)j results in a reliable estimate of
σ2

y (Yang et al. 2012). Then the full conditional distribution of σ2
e is

(σ2
e | α, ϕ, D, b, σ2

y) ∼
(
nσ2

y − α⊤Db − α⊤ϕ + νeS2
e

)
χ−2

νe+n. (56)

Using that the genetic values (GEBVs) of individuals are g = Mα, then the genetic variance
σ2

g can be formulated as

σ2
g = α⊤M⊤Mα

n
= α⊤(Db − ϕ)

n
.

Since σ2
g is also priori assumed to follow a scaled inverse chi-square distribution, its full

condition distribution is

(σ2
g | α, ϕ, D, b) ∼

(
α⊤Db − α⊤ϕ + νgS2

g

)
χ−2

νg+n,

where νg and S2
g are the pre-defined degrees of freedom and the scale factor of the scaled

inverse chi-square distribution.
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